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For the Curious Mind
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explain every concept three ways: intuitively, practically, and mathematically. Pick
what resonates.
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This book features a revolutionary approach: every equation is shown in BOTH formal mathematical
notation AND intuitive plain English, side-by-side.

Level 1 - Understanding: Read the main text, intuition boxes, and analogies. Look at the "plain English"
column of math boxes. Skip the formal notation. You'll understand WHAT these techniques do and WHY
they work.

Level 2 - Implementation: Read everything in Level 1, plus look at both columns of the math boxes,
practical tips, and code examples. You’'ll be able to use these techniques in practice.

Level 3 - Mastery: Read the entire book including formal notation, proofs, and step-by-step breakdowns.
You'll understand the deep mathematical foundations and be able to innovate.

Look for these beautiful boxes throughout:

Intuition - The "aha!" moment explanation

In Plain English - Technical concepts in everyday language

Math: Formal & Intuitive - Equations with formal and plain versions side-by-side
Breaking It Down - Step-by-step numerical examples

Key Point - Don’t miss this

Analogy - Real-world comparisons

Watch Out - Common pitfalls

Practical Tip - Implementation advice

Story - Historical context and motivation

This book’s unique approach: Dual-track mathematics

When you see math boxes:
* Left column: Formal mathematical notation (for rigor)

* Right column: Plain English translation (for understanding)
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* Below: Numerical examples with actual numbers

You can read just the right column if you want understanding, or both columns if you want mastery!
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Mathematical Primer: Building Your
Foundation
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Chapter 1

Essential Math Concepts

1.1 Welcome to the Math Toolkit

In Plain English

Before we dive into Al and reinforcement learning, let’'s make sure we’re comfortable with the
mathematical language we’ll be using. Think of this chapter as your toolkit, we’re going to explain
every symbol, every operation, and every concept you’ll see in this book.

Don’t worry if you’re not a math expert! We’ll start from the basics and build up slowly. By the end
of this chapter, you’ll be comfortable with:

* Probability and what it really means
* The mysterious "given" symbol |

* Why logarithms are so useful

* What "expected value" means

* How to read mathematical notation

Key promise: Every single symbol you see later in the book will make sense because we’ll explain it
here first!

1.2 Probability: The Language of Uncertainty

In Plain English

Probability is just a fancy way of measuring "how likely is something to happen?"
We use numbers between 0 and 1:

* 0 = Impossible (will never happen)
* 0.5 = Maybe (50/50 chance)
* 1 = Certain (will definitely happen)

You can also think of it as percentages:

* 0=0%

11



12 CHAPTER 1. ESSENTIAL MATH CONCEPTS

* 0.5 =50%
* 1=100%
Notation: We write P(event) to mean "the probability of this event happening”

Example 1.1 (Coin Flip). Question: What'’s the probability of getting heads when you flip a fair coin?
Answer:

P(heads) = 0.5 = 50%
P(tails) = 0.5 = 50%

Why? The coin has 2 equally likely outcomes, and heads is 1 of them, so: % =0.5

Example 1.2 (Rolling a Die). Question: What’s the probability of rolling a 6 on a fair die?
Answer:

1
P(rolling a 6) = g~ 0.167 = 16.7%

Why? The die has 6 equally likely outcomes (1, 2, 3, 4, 5, 6), and we want just 1 of them (the 6).

The vertical bar | is one of the most important symbols you’ll see in this book!

Reading: P(A|B) is pronounced "probability of A given B"

Meaning: "What’s the probability of A happening, if we already know that B happened?"

It’s called conditional probability because we’re computing probability under a certain condition.

Think of the | symbol as a "knowledge divider":
P(What we want to know | What we already know)

Everything before the | is what we’re trying to predict.
Everything after the | is the information we have.

Example 1.3 (Weather and Umbrella). Scenario: You see someone carrying an umbrella.
Question 1: What's the probability it’s raining?

P(raining) = 0.3 (30% of days are rainy)
Question 2: What's the probability it’s raining, given you see someone with an umbrella?
P(raining | umbrella) = 0.8 (80% - much higher!)
Why the difference?
* Without any information: rain is moderately likely (30%)
* Given you see an umbrella: rain is very likely (80%)

* The umbrella gives us extra information that changes our belief!
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Example 1.4 (Language Model Context). For language models, this is EVERYTHING!
P(next word | all previous words)
This reads: "Probability of the next word, given all the words we’ve seen so far"
Example sentence: "The cat sat on the "

P(“mat” | “The cat sat on the”) = 0.35 (35% likely)
P(“floor” | “The cat sat on the”) = 0.25 (25% likely)
P(“moon” | “The cat sat on the”) = 0.001 (very unlikely!)

The model uses the context (everything before the |) to predict what comes next!

Breaking It Down Step-by-Step

Practice reading the | symbol:

Notation Read as...

P(A|B) "Probability of A given B"

P(y|z) "Probability of y given x"

P(wpext|w1, ws,ws) "Probability of next word given words 1, 2, and 3"
m(als) "Probability of action a given state s"

The key idea: Everything after the | is "what we know" and helps us predict what’s before the |!

1.3 Logarithms: Turning Multiplication into Addition

In Plain English

A logarithm (written as log) is the inverse of exponential growth.
Think of it this way:

* Exponential: 2% = 8 means "2 multiplied by itself 3 times equals 8"
* Logarithm: log,(8) = 3 means "what power do I raise 2 to, to get 82"

In this book, log always means the natural logarithm (base e ~ 2.718), also written as In.

L J

Breaking It Down Step-by-Step

Properties of logarithms (these are super useful!):

1. Log of 1 is always 0: log(1) =0
Why? Because e = 1

2. Log of a product = sum of logs:
log(A x B) = log(A) + log(B)
This turns multiplication into addition (easier!)

3. Log of a quotient = difference of logs:

log (%) = log(A) — log(B)
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4. Log of a power:
log(A™) =n-log(A)

Key values to remember:

log(1) =0

log(e) =1 (where e = 2.718)

log(0.5) ~ —0.693 (negative because 0.5 < 1)
log(2) ~ 0.693

log(10) = 2.303

In Plain English

Reason 1: Probabilities multiply, logs add
When we have multiple independent events:

P(both) = P(event 1) x P(event 2)

But multiplication with tiny numbers (like 0.0001 X 0.0001) gets messy. Logarithms turn this into
addition:
log P(both) = log P(event 1) + log P(event 2)

Reason 2: Measures "surprise"
The logarithm of a probability measures how "surprising" an event is:

* High probability (0.9) — Low surprise — log(0.9) = —0.105 (small negative)
* Medium probability (0.5) — Medium surprise — log(0.5) = —0.693
* Low probability (0.1) — High surprise — log(0.1) = —2.303 (large negative)

We use — log to flip it so higher surprise = higher value.

Reason 3: Numerical stability

Computers can handle addition better than multiplication of very small numbers. Logs prevent
numerical underflow.

Example 1.5 (Log Probability for a Sentence). Sentence: "The cat sat" (3 words)

Probabilities:

P(“The”) = 0.4
P(“cat” | “The”) = 0.3
P(“sat” | “The cat”) = 0.5
Method 1: Direct multiplication

P(sentence) = 0.4 x 0.3 x 0.5
=0.06

Method 2: Log probabilities (better!)

log P(sentence) = log(0.4) + log(0.3) + log(0.5)
= —0.916 + (—1.204) + (—0.693)
= —2.813

Both give the same answer, but Method 2:
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* Avoids very small numbers
* Uses addition (faster for computers)

* Measures total "surprise" of the sentence

1.4 Expected Value: The Average Outcome

In Plain English

Expected value (written as E[-] or sometimes just E|[-]) is the average value you’d get if you repeated
something many times.
Formula:

E[X] = Z P(outcome) x value of outcome

all outcomes

Think of it as: "If T did this 1000 times, what would my average result be?"

Example 1.6 (Dice Roll Expected Value). Question: What's the expected value when rolling a fair die?
Answer:

E[die] = P(1) x 1+ P(2) x 24+ P(3) x 3+ P(4) x4+ P(5) x5+ P(6) x 6

1 1 1 1 1 1
=-x14+-=-x2+= — X4+ = —
6>< —|—6>< —|—6><3+6>< +6><5+6><6
14243444546

N 6

21

6

=35

Interpretation: If you roll the die many times, your average result will be 3.5!
(You can never roll 3.5 on a single roll, but the average over many rolls is 3.5)

Example 1.7 (Reward in Reinforcement Learning). Scenario: An Al generates responses and gets rewards:

Response quality Probability Reward

Excellent 20% +10
Good 50% +5
Mediocre 25% 0
Bad 5% -5

Expected reward:

E[reward] = 0.20 x 10 + 0.50 x 5 + 0.25 x 0 + 0.05 x (—5)
=2+25+0-0.25
=4.25

Meaning: On average, this Al gets +4.25 reward per response.
The goal of training is to increase this expected value!
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Math: Formal & Intuitive Side-by-Side

Conditional Expected Value

Formal Math What It Really Means

Ex~p[f(X)] Expected value of function f when X fol-
lows distribution P

Breaking it down:

E[] Expected value (average)

X~P Variable X is drawn from distribution P

f(X) We're averaging the values of f(X), not X
itself

Example 1.8 (Language Model Expected Loss). When training a language model:

E(ac,y)rv’D [IOSS(IE, y)]

Reads as: "Expected loss when we sample prompt-response pairs (z,y) from our dataset D"
In plain English: "Average loss across all examples in our training data"

1.5 Summation Notation: Adding Things Up

In Plain English

The symbol } (capital Greek letter sigma) means "add up all of these things."
Basic form:

n
Z$i=$1+$2+$3+“'+$n
i=1
Reading: "Sum from i equals 1 to n of z;"
The letter ; is the index that counts from the starting value (1) to the ending value (n).

\ J

Example 1.9 (Simple Sum).
5

Y i=14+24+3+445=15

1=1
4
Zzi:2(1)+2(2)+2(3)+2(4):2+4+6+8:20
=1

Example 1.10 (Sum in Machine Learning). Computing loss for a sequence:

T
Total loss = Z 4y
t=1
This means: "Add up the loss at each time step from ¢ =1tot =T"
If T'= 4 and losses are: ¢; = 0.5, {, = 0.3, /3 =0.8, {4, = 0.4
Then:

4
> 4 =05+03+08+04=20
t=1
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1.5.2 Infinity in Summation

In Plain English

Sometimes we sum "forever":

(o]
D>
t=0
This means: "Add up all rewards from time O to infinity"
Don’t panic! In practice:
* We use a discount factor that makes future terms tiny
* Or we stop after a finite number of steps

* The series converges to a finite value

1.6 Functions and Notation

1.6.1 Functions as Black Boxes

In Plain English

A function is like a machine:
* You put something in (the input)
* It does some computation
* You get something out (the output)

Notation: f(x) means "function f applied to input z"
Example functions:

* f(z) = 2z — doubles the input
* g(x) = 2% — squares the input

* h(z) = log(xz) — takes the log of the input

1.6.2 The Sigmoid Function
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Math: Formal & Intuitive Side-by-Side

The Sigmoid Function o

Formal Math What It Really Means
o(z) = # Squash any number to range [0, 1]
Key properties:
a(0) =0.5 Zero input gives 50% output
o(+00) =1 Very large positive input — 1
o(—o00) =0 Very large negative input — 0

Breaking It Down Step-by-Step

Sigmoid in action:

Input = o(z) As percentage

) 0.007 0.7%
-3 0.047 4.7%
-1 0.269 26.9%
0 0.500 50.0%
+1 0.731 73.1%
+3 0.953 95.3%
+5 0.993 99.3%

Why it’s useful:
» Converts any real number to a probability

* Smooth and differentiable (good for training)

* Used everywhere in neural networks and RL!

1.7 Loss Functions: Measuring Mistakes

1.7.1 What Is a Loss Function?

In Plain English

A loss function (written as £ or L) measures "how wrong" our model is.
Key idea:

* Lower loss = better model
* Higher loss = worse model

Training a model means finding parameters that minimize the loss.
Think of it like golf:

* Your score (loss) should be as low as possible
* Each stroke (mistake) increases your score

* The goal is to minimize your score
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Negative Log Likelihood Loss

Formal Math What It Really Means

L = —log P(correct) Loss = Negative log probability of correct
answer

Why this makes sense:
If model is confident in correct answer (P = 0.99), loss is small (—log(0.99) = 0.01). If
model is unsure (P = 0.5), loss is larger (— log(0.5) = 0.69). If model is wrong (P = 0.01),
loss is huge (—1log(0.01) = 4.6).

Example 1.11 (Loss for Word Prediction). Model predicts next word probabilities:

Word Probability Loss if correct

"cat" 0.8 —log(0.8) = 0.22 (good!)
"dog" 0.15 —log(0.15) = 1.90 (okay)
"airplane" 0.01 —1log(0.01) = 4.61 (bad!)

If correct word was "cat": Loss = 0.22
If correct word was "airplane": Loss = 4.61 (model was very wrong!)
Training adjusts the model to reduce these losses.

1.8 Gradients and Optimization

In Plain English

A gradient tells you which direction to move to reduce the loss.
Analogy: Imagine you're on a foggy mountain trying to get to the lowest point (valley):

* The gradient tells you which direction is "downhill"
* You take a small step in that direction
* Repeat until you reach the bottom

This process is called gradient descent.
In machine learning:

* The "mountain" is the loss function
* The "location" is your model parameters

* The "valley" is the best parameters (minimum loss)
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How gradient descent works:

1. Start with random parameters 6

2. Compute loss £(6) on training data

3. Compute gradient VoL (which direction reduces loss?)
4

. Update parameters:
enew = 901(1 — Q- VQ£

where « is the learning rate (step size)
5. Repeat steps 2-4 many times

6. Done when loss stops decreasing

The gradient V, just means: "How does loss change when I change each parameter?"

Symbol Name Meaning

P(A) Probability Chance of event A

P(A|B) Conditional probability Probability of A given B

\ "Given" Separates condition from predic-
tion

log(x) Logarithm Inverse of exponential

E[X] Expected value Average value of X

> Summation Add fromi=1toi=n

L Loss function Measure of model error

0 Parameters Model weights (billions of num-
bers)

™ Policy Decision-making strategy

o(z) Sigmoid Squash to [0,1] range

\Y% Gradient Direction of steepest increase

~ "Drawn from" Sample from distribution

€ "Element of" Belongs to a set

~ Approximately Roughly equal

You now have all the mathematical tools you need!
Every equation in this book uses these concepts. When you see complex formulas later, remember:

* Break them down into pieces
* Identify the symbols from this chapter
* Read the plain English column

* Work through the numerical examples



1.9. NOTATION REFERENCE CARD

You’re ready for the main content!
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Part 11

The Foundations: Why Do We Need RL
for AI?
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Chapter 2

The Problem: When Good Predictions Go
Bad

2.1 A Conversation That Changed Al

In early 2020, researchers at OpenAl had a problem. They had trained GPT-3, a massive language
model with 175 billion parameters. It could write essays, code, and poetry. It was amazing at predicting
what words should come next.

But when users asked it questions, it would:

* Generate toxic content without hesitation

* Make up facts confidently

* Ignore what the user actually wanted

* Refuse helpful requests while accepting harmful ones

The model was technically perfect at its job—predicting internet text. But it was terrible at being

useful.

This led to a key realization: Being good at prediction doesn’t mean being good for people.

2.2 What Is Alignment?

23
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In Plain English

Alignment means making Al systems do what humans actually want, not just what we accidentally
trained them to do.

Imagine teaching a robot to "maximize paperclips." A perfectly aligned robot would make paperclips
within reasonable bounds. A misaligned robot might convert the entire universe into paperclips -
technically correct, but catastrophically wrong.

For language models, alignment means learning to be:

1. Helpful - Actually accomplish what the user wants
2. Harmless - Don’t produce dangerous or toxic content

3. Honest - Don’t make things up (hallucinate)

Analogy

Think of alignment like teaching a child good judgment:
Unaligned Child:

* Told to "get good grades"

* Decides to cheat on every test

* Technically following instructions, but missing the point!
Aligned Child:

* Understands the spirit of the instruction

* Learns properly and earns grades honestly

* Develops good values along the way

Traditional language model training is like the first child - optimize one simple metric (predict next
word) and get unwanted behaviors. Alignment is like teaching values and judgment.

2.3 The Training Mismatch

What we train on: Internet text (Reddit, books, websites, etc.)

Training goal: Given some text, predict what word comes next

Math: Formal & Intuitive Side-by-Side

The Training Objective
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Formal Math What It Really Means

L = —log P(wnext | w1, wa, ..., wy,) Loss = How surprised the model is by the

correct answer
Why we use each component:

L = Loss function We need a single number to measure "how
wrong" the model is

P(-) = Probability We model language as probability distribu-
tion over words

log = Logarithm Converts tiny probabilities to manageable
numbers; turns multiplication into addition

— (minus sign) Flips sign so lower surprise = lower loss =
better model

Wpext = Next word This is what we’re trying to predict

| = "given" Separates what we know (context) from
what we predict

wi, wa, . .., w, = Context All the previous words that help us predict

Why this specific formula?

Design choice Reason

Use probability P(-)? Language is naturally probabilistic (multiple valid next words)

Use log? Probabilities multiply (P, x P), logs add (log P; + log P,) - easier!
Use negative sign? P near 1 (good) should give low loss; — log achieves this

Condition on context with |? Next word depends heavily on what came before

Let’s break this down with a real example:
Sentence: "The cat sat on the "
Correct word: "mat"

Step 1: Model assigns probabilities to ALL possible next words
The model considers every word in its vocabulary (about 50,000 words) and assigns each a probability:

Word Probability P(w) Percentage
"mat" 0.40 40%
"floor" 0.30 30%
"chair" 0.20 20%
"table" 0.05 5%

All others 0.05 5%
Total 1.00 100%

Step 2: Calculate the loss for the correct word ("mat")

L = —log P(mat | The cat sat on the)
= —log(0.40)
= —(—0.916) (the log of 0.40 is negative)
=0.916
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Step 3: What does this number mean?

Loss = 0.916
This is a moderate loss. Here’s the scale:

* Loss = 0.10: Excellent! (model gave 90% probability)

* Loss = 0.50: Good (model gave 60% probability)

* Loss = 0.92: Okay (model gave 40% probability) + We’re here
* Loss = 1.50: Poor (model gave 22% probability)

* Loss = 3.00: Terrible (model gave 5% probability)

The model’s guess wasn’t perfect, but it was reasonable!

Step 4: What if the model’s guess was different?

Scenario P(mat) Loss Quality
Model is confident 0.90 0.105 Excellent!
Model is pretty sure 0.60 0.511 Good
Current 0.40 0.916 Okay
Model is unsure 0.20 1.609 Poor
Model is confused 0.05 2.996  Terrible

The Pattern - This is the KEY insight:

Higher probability P — Lower loss £ — Better model!

We train the model to minimize loss, which means maximizing the probability it assigns
to correct words.

Training process:
1. Model makes a prediction (assigns probabilities)
2. We calculate loss (how wrong was it?)
3. We update the model’s parameters to reduce loss

4. Repeat billions of times!

What the model DOES learn from this training:
* How to write grammatically correct sentences
* Facts and knowledge from the internet
* How to continue patterns in text
* Writing style and structure

What the model DOESN’T learn:
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* What makes a response actually helpful to humans
* When to refuse harmful or inappropriate requests
* How to admit "T don’t know" instead of making things up
* The difference between correlation and good advice
The core problem: The model learns to mimic internet text, including all its flaws!
Example 2.1 (The Toxic Completion Problem). User types: "I hate"

Internet training data contains: Millions of toxic completions
What traditional training teaches:

1. Model sees: "I hate [toxic content]" appears frequently

2. Model learns: This is a common pattern

3. Model predicts: Toxic completions with high probability

4. Result: Model reproduces toxic content

What we actually want:

1. Model recognizes: This is a sensitive prompt

2. Model thinks: I should respond thoughtfully

3. Model generates: "It sounds like you’re frustrated. How can I help?"
4. Result: Helpful, empathetic response

The gap: Traditional training has no mechanism to prefer helpful over statistically likely!

The core insight of modern Al alignment:

Old goal: "What text is most likely according to internet patterns?"
New goal: "What response do humans actually prefer?"

This shift from likelihood to preference is what makes ChatGPT work!
That’s where Reinforcement Learning comes in —
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Reinforcement Learning: The Big Picture

3.1 What Is Reinforcement Learning?

In Plain English

Reinforcement Learning (RL) is learning through trial and error with feedback.
It’s how you learned to ride a bike:

1. Try something (turn the handlebars left)
2. See what happens (you start to fall)
3. Get feedback (negative - that was bad!)
4. Adjust your strategy (next time, turn less sharply)
5. Repeat until you learn what works
For Al language models:
1. AI generates a response
Humans evaluate it (good/bad/meh)
Al learns to generate more responses like the good ones

Repeat millions of times

-

Al becomes helpful!

Analogy

Supervised Learning = Learning from a textbook with all answers shown

 Teacher: "The capital of France is Paris."

* You: "Okay, I'll memorize that."

» Teacher: "What’s the capital of France?"

* You: "Paris!" (correct because you memorized it)

* Good for: Facts, patterns, specific examples

28
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Reinforcement Learning = Learning from real-world trial and error

* Teacher: "Learn to cook a delicious pasta."

* You: [Try adding lots of salt] — tastes bad!

* You: [Try adding a little salt] — tastes okay!

* You: [Try adding salt and herbs] — tastes great!
* Teacher: "The last one was best!"

* Good for: Skills, judgment, complex behaviors

For language models:
* Supervised = "Copy these good responses"

* RL = "Try many responses, I'll tell you which ones I prefer"

3.2 The RL Framework: Five Key Components

In Plain English

Every RL system has 5 key pieces. Think of it like a video game:

1. Agent (The Player) - The Al making decisions (the language model)
Environment (The Game World) - Everything the Al interacts with (the user, the conversation)
State (The Screen/Situation) - What’s happening right now (prompt + text so far)

Action (Controller Input) - What the AI can do (choosing the next word)

-

Reward (Score/Points) - Feedback for good or bad moves (how helpful was the response?)

The loop:

Agent in State — Takes Action — Gets Reward — Moves to New State — Repeat

,
\

In Plain English

The policy is the agent’s decision-making strategy.
It answers: "Given what’s happened so far, what should I do next?"
For language models:

* Input: The prompt and everything written so far
* Output: Probability distribution over all possible next words

* Example: Given "The cat sat on the", what word comes next?

-
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The Policy Function

Formal Math What It Really Means

m(a|s) Probability of choosing action a when in
state s

For language models specifically:

mo(Ye | T, Y1.4—1) Chance of picking word y; given prompt z
and previous words

Symbol Translation:
7 (pi) = Policy The brain’s decision-making process
0 (theta) = Parameters The brain’s knowledge (billions of numbers
in the model)
a = Action The choice to make (which word to write)
s = State Current situation (everything so far)
y: = Token at time ¢ The t-th word in the response
x = Prompt The user’s question/input
y1.+—1 = Previous tokens All words written before word ¢
| = "Given that" "Knowing..." or "Based on..."

Why condition on previous words with |?
Because language has context dependence:

* "The cat" — next word might be "sat" or "slept"
* "The cat sat" — next word might be "on" or "down"

* Each choice depends on what came before!

The policy in action with real numbers:

State s: "The cat sat on the"

Question: What word should come next?

The policy 7y outputs probabilities for each possible word:

Possible Word Formal Probability Percentage

"mat" mp(mat| s) 0.35 35%
"floor" mo(floor | s) 0.25 25%
"couch" mo(couch | s) 0.20 20%
"table" mg(table | s) 0.10 10%
"roof" mg(roof | s) 0.05 5%
Others mo(other| s) 0.05 5%
Total 1.00 100%

How does the model choose?
The model uses these probabilities like a weighted dice:

* Most of the time (35%), it picks "mat"

* Sometimes (25%), it picks "floor"
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* Rarely (5%), it picks "roof"
This randomness is actually good—it helps the model explore different possibilities!

What happens during RL training?
Scenario 1: Response with "mat" gets high reward (+8)

* Training increases: mg(mat|s) from 0.35 to 0.45

* Response with "mat" becomes more likely!
Scenario 2: Response with "roof" gets low reward (-2)

* Training decreases: my(roof| s) from 0.05 to 0.02

* Response with "roof" becomes less likely!

The key idea:
Training adjusts these probabilities based on what leads to good outcomes!

* Good outcome — Increase probability

* Bad outcome — Decrease probability

Over millions of examples, the model learns an excellent policy!

In Plain English

The value function estimates: "How good is my current situation?"
It’s like looking at a chess board mid-game and thinking:

* '"I'm in a strong position, likely to win!" (high value)
e "Uh oh, I'm in trouble..." (low value)
For language models:
* Halfway through writing a response
* Value function estimates: "This is going well, probably get +8 reward at the end"

* Or: "This is going poorly, probably get -3 reward"

Math: Formal & Intuitive Side-by-Side

The Value Function
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Formal Math What It Really Means

V™(s) =E, {Z;’i oYire ‘ s = s} Expected total future reward starting from
state s

Breaking down each piece and WHY we use it:

V7(s) "Value of state s" - how good is this situa-
tion?
E.[] Expected value - average over many possible

futures (we use expectation because future
is uncertain)

fi n Sum all future rewards from now (¢t = 0) to

end (we care about total, not just immediate
reward)

~t Discount factor raised to power ¢ (we use
this because immediate rewards matter
more than distant ones)

T Reward at time step ¢ (the feedback we get)

| Condition symbol - "given that..."

So =8 Starting from this specific state s

Why the discount factor ~ (typically 0.99)?
Makes rewards far in the future count slightly less. Why? (1) More uncertainty about distant
future, (2) Ensures series converges to finite value, (3) Like money - $100 today worth more
than $100 in 10 years. For language models, we care most about the final response quality.

Let’s compute value with actual numbers!

Scenario: You’re writing a math solution, currently halfway done.
Current state s: "To solve this, I'll first..."

Possible futures:

Path A (60% likely): Complete answer correctly
* Step 1: Write next sentence — reward r; = 0 (neutral)
* Step 2: Write another sentence — reward r, = 0 (neutral)
* Step 3: Finish with correct answer — reward r3 = +10 (great!)
* Total: 0+0+ 10 =10
Path B (30% likely): Make error, then correct it
* Step 1: Make mistake — reward r, = —2 (penalty)
* Step 2: Realize and backtrack — reward ro = —1 (small penalty)
* Step 3: Fix and complete — reward r3 = +8 (good!)
e Total: —2+(—-1)+8=5
Path C (10% likely): Give up or wrong answer
e Step 1: Incomplete response — reward r; = —5 (bad!)

e Total: —5
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Computing the value V7 (s):

V7™(s) = P(Path A) x Reward4 + P(Path B) x Rewardp
+ P(Path C) x Reward¢
= 0.6 x10+0.3 x 5+ 0.1 x (=5)

=6+15-05

=
Value = 7
This state is pretty good! On average, following our policy from here will get us +7
reward.

How do we use this?
* High value state: Keep doing what we’re doing!

* Low value state: Try something different

* Helps guide decision-making during training

Including the discount factor v = 0.99:
If rewards are spread over time:

V™(s) =ro+r1 + 7’1o +¥°rs + - -
=0+0.99 x 04 0.992 x 10
=0.98 x 10
=98

The discount factor slightly reduces the value of future rewards, but with v = 0.99, the effect is small.

What Reinforcement Learning Tries To Do

Formal Math What It Really Means

7 = Eron [Ztho rt} Find the best strategy n* that maximizes
average total reward

Symbol Guide and WHY each is used:

m* (pi-star) The optimal (best possible) policy

W "Find the 7 that maximizes..." - we’re search-
ing over all possible strategies

E[] Average/expected value over many tries (we
use average because of randomness)

T~T A trajectory (complete episode) generated
by following policy =

ZtT:o T Total reward collected (sum of all rewards

from start ¢t = 0 to end T)
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In simple terms with an example:
Goal: Find the decision-making strategy that gets the highest score on average
The search process (simplified):
1. Try many different strategies
Strategy 1: Always pick the most likely word

* Try 100 prompts
* Average reward: +5.2

Strategy 2: Sometimes explore unusual words
* Try 100 prompts
* Average reward: +6.8 (better!)

Strategy 3: Carefully balance common and creative words
* Try 100 prompts
* Average reward: +8.1 (even better!)

2. Keep the best, modify and retry

* Strategy 3 performed best
* Make variations of Strategy 3
* Test them
* Keep improving
3. Eventually find 7*
* After millions of iterations

* Converge to the best strategy

* Can’t improve further!

Concrete language model example:
Prompt: "Explain machine learning"
Bad strategy (low reward):

"Machine learning is when computers use algorithms to learn from data and make predic-
tions or decisions without being explicitly programmed..." [continues with jargon]

Average reward: +3 (too technical, not helpful for beginners)
Good strategy (high reward):

"Think of machine learning like teaching a child to recognize animals. You show them
many pictures and say 'that’s a dog, that’s a cat.” Eventually, they learn the patterns and can
identify animals they’ve never seen before. Computers do something similar with data!"

Average reward: +9 (clear, accessible, helpful!)
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The magic of RL:
Through millions of trials, the model automatically discovers that:

* Clear explanations — high reward
* Using analogies — high reward
* Too much jargon — low reward
* Ignoring the user — low reward

Nobody explicitly programmed these preferences—the model learned them from feed-
back!

35
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The RLHF Revolution

4.1 The Three-Step Dance

In 2022, OpenAl released ChatGPT and the world changed overnight. Suddenly, Al wasn’t just
generating text, it was genuinely helpful.

The secret? A three-step process called RLHF (Reinforcement Learning from Human Feedback).

Let’s understand each step and why they all matter.

In Plain English

RLHF has three stages:
Step 1: Supervised Fine-Tuning (SFT)

* Take a base model (like GPT-3)

* Train it on thousands of examples of good responses

* Result: Model that can follow instructions (but not perfectly)
Step 2: Reward Modeling

* Show humans pairs of responses: "Which is better?"

* Collect 50,000+ comparisons

* Train a "reward model" to predict which responses humans prefer

* Result: Automated judge that can score any response
Step 3: RL Optimization (PPO)

* Generate thousands of responses

* Score them with the reward model

* Update policy to generate higher-scoring responses

* Result: Model optimized for human preferences!

36
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Analogy

Think of training a chef:
Step 1 - Culinary School (SFT):

* Watch master chefs cook

* Practice their exact recipes

* Learn knife skills, temperatures, timing

* Result: You can cook competently, but mechanically
Step 2 - Understanding Taste (Reward Model):

* Serve dishes to many diners

* They rate: "This one is better than that one"

* After 1,000 ratings, you learn patterns

* "Ah! People like balanced flavors, fresh ingredients, proper seasoning"

* Result: You can predict what people will enjoy
Step 3 - Practice and Improve (RL):

* Cook many variations

* Use your taste understanding to evaluate them

* Keep what works ("More garlic was great!")

¢ Discard what doesn’t ("Too much salt")

* Result: You become a master chef!

The combination makes you both skilled AND attuned to what diners actually want.

4.2 Step 1: Supervised Fine-Tuning (SFT)

4.2.1 The Training Objective

Math: Formal & Intuitive Side-by-Side

The SFT Loss Function
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Formal Math What It Really Means

Lspr(0) = Loss for Supervised Fine-Tuning

—E(z,y)~D [23:1 log 7o (y¢ |x,y<t)} Average surprise across all demonstration
examples

What each part means and WHY we use it:

Lser Loss for Supervised Fine-Tuning

(z,y) ~D Sample a (prompt, demonstration) pair
from dataset D

E[] Average over all examples (we use average
because we care about overall performance)

S For each word position ¢ in demonstration
(1 to T) - we train on every word

log 7o (Yt | , y<t) Log probability model assigns to correct
word y; given prompt and previous words

| symbol Separates what we’re predicting (y;) from
what we know (z, y¢)

— (minus sign) Flip to make it a loss (minimize = maximize
probability)

Complete training example with step-by-step numbers:
Demonstration from dataset:

* Prompt (x): "Explain gravity simply"

* Good response (y): "Gravity pulls objects together"
This response has T' = 4 words: ["Gravity", "pulls", "objects", "together"]
Training process - going word by word:

Position ¢ = 1: Predict "Gravity"
Input to model: "Explain gravity simply. "
Model outputs probabilities:

Word Probability

"Gravity" 0.60 + Correct!
"The" 0.20
It" 0.15
Others 0.05

Loss for this word: —log(0.60) = 0.51

Position ¢ = 2: Predict "pulls"
Input to model: "Explain gravity simply. Gravity "
Model outputs:

Word Probability

"pulls" 0.45 + Correct!
"is" 0.30
"attracts" 0.15

Others 0.10
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Loss: —log(0.45) = 0.80

Position ¢ = 3: Predict "objects"
Input: "Explain gravity simply. Gravity pulls "
Model outputs:

Word Probability

"objects" 0.70 « Correct!
"things" 0.20
"matter” 0.08
Others 0.02

Loss: —1og(0.70) = 0.36

Position ¢ = 4: Predict "together"
Input: "Explain gravity simply. Gravity pulls objects "
Model outputs:

Word Probability
"together" 0.55 + Correct!
"downward" 0.25
"towards" 0.15
Others 0.05
Loss: —log(0.55) = 0.60
Total loss for this example:
1 T
Lihis example — f tz::l — log 7y (yt | z, y<t)

1
= 1(0.51 + 0.80 + 0.36 + 0.60)

227
T4
=0.57

Now average over ALL 10,000 demonstrations in dataset:

1
L:SFT = m Z £examp1e

all examples

~ 0.62 (average over dataset)
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What gradient descent does:

—_

. Calculate this loss (0.62)

Compute gradients: "How should I adjust each of the billion parameters?"
Update parameters to reduce loss

New loss after update: 0.58 (improved!)

Repeat for thousands of iterations

o o> B E

Final loss: 0.15 (much better!)

Result: Model learns to generate responses similar to the demonstrations!

\ /

Key Point

What SFT achieves:

Model learns to follow instructions

Model learns appropriate response format

Model learns to be helpful (from examples)

But: Can’t capture all the nuances of what makes responses good
Limited by quality and diversity of demonstrations

That’s why we need Step 2 —

4.3 Step 2: Reward Modeling

4.3.1 The Key Insight

In Plain English

The problem: Writing perfect responses is hard and expensive.
The solution: Comparing responses is much easier!

Hard: '"Write the perfect explanation of neural networks"
(Takes expert 30 minutes)

Easy: "Which explanation is better, A or B?"
(Takes anyone 30 seconds)

This insight is the foundation of reward modeling!

r
\

4.3.2 The Bradley-Terry Model

Math: Formal & Intuitive Side-by-Side

Modeling Preferences Mathematically



4.3. STEP 2: REWARD MODELING

Formal Math

What It Really Means

P(yw>'yl|‘r):

exp(r¢(T,Yw))
exp(r¢ (2, yw))+exp(re (z,y1))

Probability that response y,, is preferred
over

Simplified form (more common):

Pw = y1) = 0(re(yw) — re(n1))

Preference probability = sigmoid of score
difference

Symbol Guide:

Winner response (the one humans pre-
ferred)

Loser response (the one humans disliked)
"is preferred to"

Reward model with parameters ¢ (outputs
a score)

Exponential function (e*)

Sigmoid function (squashes any number to
0-1 range)

Why use sigmoid and exponentials?

* Need output between 0 and 1 (it’s a probability!)

* Sigmoid provides smooth, differentiable function

* Exponentials make differences more pronounced

* This is the Bradley-Terry model from statistics

Let’s see Bradley-Terry with real numbers!
Scenario: Two explanations of black holes
Response A (Winner - simple and clear):

"Black holes are like cosmic vacuum cleaners. They have such strong gravity that nothing
can escape once it gets too close—not even light! That’s why they’re ’black'—we can’t see

them because no light escapes."

Response B (Loser - too technical):

"Black holes are singularities in spacetime manifolds where the curvature becomes infinite
and the Schwarzschild radius defines the event horizon beyond which the escape velocity

exceeds the speed of light in vacuum..."

Step 1: Reward model scores both responses

The reward model (a neural network) processes each response:

* Score for A: 74(ya) = 8.2 (high score—good response!)

* Score for B: 74(yp) = 3.1 (low score—too complex!)
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e Difference: 8.2 — 3.1 =5.1

Step 2: Convert score difference to probability using sigmoid

P(A > B) = a(re(A4) —ry(B))
o(8.2 —3.1)
=o0(5.1)

1

1
1+ 0.0061
1
~1.0061
=0.994 or 99.4%

Interpretation:
The reward model is 99.4% confident that Response A is better than Response B!
This makes sense because:

* A uses clear analogy ("vacuum cleaner")
* A explains WHY they’re black
* A is accessible to general audience

* B uses too much jargon

* B assumes advanced physics knowledge

Step 3: What if scores were closer?

Score A Score B Difference P(A > B)
8.2 3.1 5.1 99.4% (A clearly better)
6.5 5.5 1.0 73.1% (A probably better)
6.0 5.8 0.2 55.0% (nearly a toss-up)
6.0 6.0 0.0 50.0% (exactly equal)
5.5 6.5 -1.0 26.9% (B probably better)
The sigmoid function’s role:
Score Difference What sigmoid does
—10to —3 Maps to ~0-5% (B much better)
—3to—1 Maps to 5-27% (B somewhat better)
—1to +1 Maps to 27-73% (close call)
+1to +3 Maps to 73-95% (A somewhat better)
+3 to +10 Maps to 95-100% (A much better)

Why use sigmoid?
1. Converts any score difference (—oc to +00) to a probability (0 to 1)
Large differences — near certainty (0% or 100%)

Small differences — uncertainty (near 50%)

nal S

Smooth and differentiable (good for gradient descent)




4.3. STEP 2: REWARD MODELING

The Reward Model Loss Function

Formal Math

What It Really Means

Lrm(¢) =
_E(m,yw,yl) [log 0(7”¢(:U, yw)

- 7"¢(£U, yl))}

Loss for Reward Model training
How well does reward model predict human
preferences?

Breaking it down and WHY each component:

Lrm Loss for Reward Model training

(T, Y Y1) A triple: (prompt, winning response, losing
response)

E[] Average over all preference pairs (we use
average for overall accuracy)

T (T, Yu) Reward model’s score for the winner

reo(z, Y1) Reward model’s score for the loser

T (T, Yuw) — ro(z, Y1) Score difference (should be positive if model
is right)

o(+) Convert to probability (should be > 0.5 if
model correct)

log(+) Log likelihood (heavily penalizes wrong pre-

dictions)
Minimize loss = maximize correct predic-
tions

Complete training example:

Human preference: Response A - Response B (A is better)

Iteration 1: Untrained reward model (random scores)

* Score for A: r4(A) = 5.0
* Score for B: ry(B) = 5.5

¢ Difference: 5.0 — 5.5 = —0.5

Predicted preference:

P(A = B) = 0(—0.5)
_ 1
T 14e0s
= 0.378 or 37.8%

Problem: Model thinks B is better (62.2%), but humans said A is better!
Calculate loss:

L = —1log(0.378)
=0.973 (high loss = bad prediction)
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Gradient descent updates the model...
Iteration 100: Partially trained

* Score for A: r4(A) = 6.0

* Score for B: r4(B) = 5.2

* Difference: 6.0 — 5.2 =0.8
Predicted preference:

P(A >~ B) =0(0.8)
= 0.689 or 68.9%

Better! Model now thinks A is better (68.9% vs 31.1%)
Loss:

L = —1og(0.689)
=0.372 (lower loss = better)
Iteration 10,000: Well-trained
* Score for A: r4(A) = 8.3
* Score for B: ry(B) = 3.8
* Difference: 8.3 —3.8 =45
Predicted preference:

P(A = B) = 0(4.5)
= 0.989 or 98.9%

Excellent! Model is very confident A is better!
Loss:

L = —10g(0.989)
=0.011 (very low loss = great!)
Training on 50,000 preference pairs:

Training step Average loss Accuracy

0 (random) 0.693 50%
1,000 0.420 68%
5,000 0.210 82%
10,000 0.095 91%

20,000 0.045 96%



4.4. STEP 3: RL WITH PPO

What the reward model learned:
After seeing 50,000 human preferences, it internalized patterns:
High-scoring responses:

* Clear and concise

* Answer the actual question

* Appropriate detail level

* Helpful tone

* Accurate information
Low-scoring responses:

* Confusing or verbose

* Off-topic

* Too brief or too long

* Rude or unhelpful tone

e Factual errors

Nobody programmed these criteria—the model learned them from examples!

The Complete RLHF Optimization Goal
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Formal Math What It Really Means
maXny, Ey o [Tg(2,y)] Maximize reward
—B - B, [KL(7g || 7ref)] BUT stay close to original model
Two competing objectives:
Term 1: E, ,, [74(, y)] Get high rewards (generate good responses)
Term 2: (- KL(7y || 7rref) Penalty for drifting from reference model
Symbol Guide and WHY we need both terms:

e The policy we’re training (current model)

ek Reference policy (frozen original model) -
prevents drift

re (T, y) Reward model score for prompt x, response
Y

B KL penalty coefficient (typically 0.01-0.05) -
controls tradeoff

KL(- || -) Measure of how different two distributions
are

Why do we NEED the KL penalty?
Without it, model could "reward hack" - find ways to exploit the reward model that give high
scores but aren’t actually good. KL penalty keeps model grounded in reality by preventing it
from drifting too far from the original (which was trained on real text).

Why do we need BOTH terms? A cautionary tale:
Scenario: Training with ONLY reward (no KL penalty)

Iteration Generated response

1 "Here’s a thoughtful explanation of your question..."
Reward: 8.0, KL: 0.1

50 "AMAZING COMPREHENSIVE DETAILED PERFECT ANSWER EX-
CELLENT THOROUGH..."

Reward: 9.5, KL: 2.5
Model learned reward model likes these words!
100 "PERFECT PERFECT EXCELLENT EXCELLENT AMAZING AMAZ-
ING..."
Reward: 12.0, KL: 10.0
Reward hacking! High score but complete nonsense!

Problem: Model exploited the reward model instead of being genuinely helpful!

Solution: Add KL penalty term
With 8 = 0.02, the objective becomes:
Objective = Reward - 0.02x KL

Iter Reward KL Objective

1 8.0 0.1 8.0-0.02(0.1) = 7.998 Best!
50 9.5 2.5 9.5-0.02(2.5) = 9.450 Okay
100 12.0 10.0 12.0 — 0.02(10) = 11.800

Analysis:

* Iteration 1 has best objective (7.998)
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* Iteration 50: Higher reward but penalty brings objective down

* Jteration 100: Even though reward is highest (12.0), the massive KL penalty (10.0) makes it
worse overall!

The KL penalty prevents reward hacking!
The model can’t just exploit the reward model because:

* Drifting too far gets heavily penalized
* Must find genuine improvements within allowed KL budget
* Forces model to stay coherent and natural
Tuning 3:
* (3 too small (0.001): Can drift too far, reward hacking risk

* (3 just right (0.01-0.05): Balanced improvement

* [ too large (0.1): Can’t improve much, too constrained

Measuring Model Drift

Formal Math What It Really Means

KL(7g || ref) = Average difference in how models assign
probabilities

By, [1og m(ym}

Tret (Y| 2)

For token-by-token generation:

ZtT:l [log 7o (¢ |z, y<t) — log mres(yt|z, y<¢)] | Sum over each word: compare new vs old

probability
What each piece means:
KL Kullback-Leibler divergence (measures dis-
tribution difference)
T Current (training) model
T ref Reference (frozen original) model
log 72 Log ratio of probabilities
Eyome Average over responses generated by 7y

Computing KL with actual numbers:
Response: "The answer is 42"
Let’s compute KL word-by-word:
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Word 1: "The"
* New model: 7my(The) = 0.80 (80%)
* Old model: m.¢(The) = 0.75 (75%)
* Ratio: 322 = 1.067

* Log ratio: log(1.067) = 0.065
Word 2: "answer"

* New model: 7y(answer) = 0.60
* Old model: 7 ¢(answer) = 0.65
* Ratio: 299 =0.923

0.65

* Log ratio: log(0.923) = —0.080

Word 3: "is"
* New model: my(is) = 0.90
* 0Old model: mf(is) = 0.85
* Ratio: 322 = 1.059
* Log ratio: log(1.059) = 0.057

Word 4: "42"
* New model: 7y(42) = 0.40
* Old model: m£(42) = 0.35

* Ratio: 330 =1.143

* Log ratio: log(1.143) = 0.134

Total KL divergence:

Trref(Yt |

= 0.065 + (—0.080) + 0.057 + 0.134
=0.176

KL — Zlog 779((% ||))
t=1

KL = 0.176 (very small!)
Interpretation scale:

* KL =~ 0: Models are nearly identical
* KL =~ 0.5-1.0: Models differ moderately

* KL > 2.0: Models are very different

Our KL of 0.176 means the models are still very similar!




4.4. STEP 3: RL WITH PPO

What happens during training? KL over time:

Training Step KL

Status

What’s happening

0 0.00
1,000 0.15
5,000 0.45
10,000 0.80
15,000 0.95

20,000 0.98

With g = 0.02, the penalty at step 15,000 is:

Identical to reference

Small changes, learning
Moderate changes, improving
Approaching limit

Near maximum allowed
Can’t go much further

Penalty = 8 x KL
=0.02 x 0.95
=0.019

This penalty is subtracted from the reward! If reward is 8.5:

Objective = 8.5 — 0.019 = 8.481

The KL term acts as a "leash":

* Model can explore and improve

* But can’t drift too far from original

* Ensures responses stay natural

* Prevents nonsense and reward hacking

The 8 parameter controls how tight the leash is!
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Chapter 5

Direct Preference Optimization (DPO)

5.1 The Simplification

In 2023, researchers asked: "Do we really need all this complexity?"
PPO requires:

* The policy model we’re training
* A frozen reference model

* A reward model

* A value function network

That’s 4 models in memory! Plus the complex RL training loop.
The breakthrough: There’s a mathematical shortcut that lets us skip the reward model entirely!

5.1.1 The Mathematical Insight

Math: Formal & Intuitive Side-by-Side

The DPO Reparameterization Trick
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5.1. THE SIMPLIFICATION

Formal Math

What It Really Means

Step 1: Optimal policy in terms of reward

7 (yle) = iy meer(yle) exp (252 )

Best policy = reference x exponential of
reward

Step 2: Solve for reward

r(z,y) = Blog W + Blog Z(x)

Reward = 3 times log of policy ratio

Step 3: Substitute

into Bradley-Terry

P(yw >yl) =

T (Yw |z

o (5 log 7l — flog

m(yi|@) )

Tref (Y1 |)

Preference in terms of policy ratios!
(partition function Z cancels out!)

Why is this magical? Let’s compare:
PPO (Old way):

1. Train reward model: Learn r(z, y) from preferences

2. Generate responses: Use policy 7y

3. Score responses: Run through reward model to get r(x, y)

4. RL update: Adjust 7y to maximize r (with KL constraint)

Models needed: Policy, Reference, Reward, Value = 4 models

DPO (New way):

1. No reward model needed!

2. Directly optimize policy on preferences

3. The ratio 2% implicitly encodes the reward!

Tref(Y)

4. Much simpler training loop

Models needed: Policy, Reference = 2 models (50% less memory!)

The key insight:

good!
Intuition:

We don’t need to explicitly model the reward function r(z, y).
The policy ratio ;Tgf—((yy)) already encodes all the information about what makes responses

* If 7y makes a response more likely than m,; does, that means the response is
"good" (high implicit reward)

* If my makes it less likely, it’s "bad" (low implicit reward)

* We can train my directly on preferences!
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Training Policy Directly on Preferences

Formal Math What It Really Means

Lppo(0) = Make winner ratio larger than loser ratio
—E [log o (5 log Fefteth — Blog Ty )}

Breaking it apart:

Winner term: 3 log % Implicit reward for winner

Loser term: [ log % Implicit reward for loser

o(winner — loser) Probability winner is better

log(+) Log likelihood (penalizes wrong predic-
tions)

- Minimize loss

E[] Average over all preference pairs

Complete DPO training example:
Preference:

* Prompt: "Explain photosynthesis"

* Winner (y,,): "Plants use sunlight to make food from CO and water"

* Loser (y;): "Photosynthesis is the biochemical process involving chloroplast thylakoids..."
Winner is simpler and clearer. Let’s train DPO on this preference!

Step 1: Compute probabilities for both responses
Winner (10 words):

* New model gives each word avg probability: 0.22

* Reference model gives: 0.20

* Full response probability: 74 (1., ) ~ 0.2210, me(y) =~ 0.2010
Loser (12 words):

* New model gives: 0.17 per word

* Reference model gives: 0.19 per word

e Full response: my(y;) =~ 0.17'2, mer(y;) = 0.1912

Step 2: Compute log ratios



5.1. THE SIMPLIFICATION

Winner log ratio:

o To(Yw | ) o 0.2219
& et |2) 8 0.2010
0.22
=10 x log ——
18 020
=10 x 0.095
=0.95
Loser log ratio:
mo(yi | x) 0.1712
lo =lo
& ety z)  20.1912
0.17
=12 x log ——
108 519
=12 x (=0.111)
=-1.33

Step 3: Compute preference logit (with 5 = 0.1)

logit = 3 x (winner ratio — loser ratio)
=0.1x(0.95 - (—1.33))
=0.1 x2.28
= 0.228

Step 4: Convert to probability

P(winner > loser) = ¢(0.228)
_ 1
T 14 0228
= 0.557 or 55.7%

Interpretation: Model is somewhat confident (55.7%) that winner is better. Not great yet!

Step 5: Compute loss

,CDpo = — log(0.557)
= 0.585

Step 6: Gradient descent updates 7y
The gradients will:

* Increase 7y(y,, | z) (make winner more likely)
* Decrease my(y; | x) (make loser less likely)

After training on 50,000 preferences...
Same preference pair now:
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* Winner log ratio: +2.8
* Loser log ratio: —2.5
* Difference: 5.3
* Logit: 0.1 x 5.3 =0.53
« P =0(0.53) = 0.629 (62.9%)
* Loss: —log(0.629) = 0.464 (much lower!)
Model learned to:
* Prefer simpler explanations
* Assign higher probability to clear, accessible language
* Assign lower probability to overly technical responses

All without an explicit reward model!

Why DPO works:

1. Every preference pair teaches the model: "This style of response is better than
that style"

2. The policy ratios =% encode implicit rewards
Trref

3. Training automatically makes winner ratios larger and loser ratios smaller

4. This is equivalent to RL, but much simpler to implement!

Result: Same performance as PPO, but 50% less memory and easier to train!




Chapter 6

Test-Time Compute: A New Scaling Paradigm

6.1 Beyond Training: Scaling at Inference

In Plain English

Traditional scaling: Bigger models + More training data = Better performance
Problem: This is expensive and slow. Training a frontier model costs millions of dollars!
New idea: What if we could trade inference time for accuracy?

Test-time compute scaling:

* Use the same model
* But let it "think" more at inference time
* Generate multiple solutions
* Pick the best one
Advantage: You can adjust quality vs speed on a per-query basis!

* Simple question: 1 attempt (fast)

* Important question: 64 attempts (accurate)

6.1.1 Best-of-N Sampling

Math: Formal & Intuitive Side-by-Side

The Probability of Success
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Formal Math What It Really Means

P(at least one correct) = 1 — (1 — p)V Probability of success with N attempts

Symbol Guide and WHY this formula works:
p Base accuracy (probability single attempt
succeeds)
N Number of independent attempts
(1-p) Probability of failure for single attempt
(1-p)N Probability ALL N attempts fail (multiply
independent failures)
1—1() Flip to get probability at least one succeeds

Why multiply (1 — p)V?

If attempts are independent, probability of ALL failing = P(fail)V = (1 — p)"¥. We want at
least ONE success, which is the complement: 1 — P(all fail).

Breaking It Down Step-by-Step

Let’s see the math in action:
Scenario: Math problem, model has 60% accuracy (p = 0.6)
Question: How many attempts to get 95%+ success rate?

Attempt 1: Try once (N = 1)

P(success) = 1 — (1 —0.6)"
=1-04
= 0.60 or 60%

Not good enough! Need 95%.

Attempt 2: Try twice (N = 2)

P(success) = 1 — (1 —0.6)?

=1-0.42
=1-0.16
= 0.84 or 84%

Better, but still not 95%!

Attempt 3: Try 4 times (N = 4)

P(success) = 1 — (1 —0.6)*
=1-04*
=1-10.0256
= 0.9744 or 97.4%

Success! With 4 attempts, we exceed 95% success rate!

Full table:
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N attempts Calculation Success rate Quality

1 1—(0.4)! 60.0%  Base

2 —(0.4)2 84.0% Good

4 1—(0.4)% 97.4% Excellent

8 —(0.4)8 99.9% Near perfect

16 1—(0.4)'¢ 99.9999%  Essentially perfect

What if base accuracy is lower? (p = 0.4, only 40%)

N attempts Calculation Success rate

1 1—(0.6)F 40.0%
2 —(0.6)? 64.0%
4 —(0.6)* 87.0%
8 1—(0.6)8 98.3%
16 1— (0.6)16 99.9%

Even with mediocre 40% base accuracy, 8 attempts gives 98.3% success!

The power of multiple attempts:

Key insight: If attempts are independent, you can overcome low base accuracy with
volume!

Trade-off:

* More attempts = Higher success rate

* But also = More computation time

* But also = Higher cost (more API calls)
Practical strategy:

* Simple queries: N = 1 (save money)

* Important queries: N = 16 or more (ensure correctness)

* Adjustable quality-cost dial!

Real-world example (DeepSeek-R1 on AIME 2024 - very hard math competition):

Method Success Rate Compute Cost vs Humans
pass@1 79.8% 1x Much better
pass@8 84.2% 8x Much better
pass@64 86.7% 64 X Much better
Human experts ~50% N/A Baseline

Analysis:
* Even with 1 attempt, model beats humans (79.8% vs 50%)
* With 64 attempts, model achieves 86.7% (near-perfect)
* Cost scales linearly (64X attempts = 64X cost)

* Quality scales logarithmically (diminishing returns)
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Chapter 7

DeepSeek-R1: A Revolutionary Approach

7.1 The Paradigm Shift

Key Point

What Makes DeepSeek-R1 Revolutionary:
DeepSeek-R1 challenged conventional wisdom by showing you can achieve state-of-the-art reasoning
abilities through pure reinforcement learning, skipping supervised fine-tuning entirely!

* Traditional approach: Pretrain — SFT — RLHF
* DeepSeek-R1: Pretrain — RLHF (that’s it!)

* Result: Complex reasoning emerges naturally from RL

Story

r
\

The "Aha!" Moment:

Imagine teaching someone math by only showing them worked examples (SFT approach). Now
imagine instead giving them problems and just telling them "right" or "wrong" after they solve them
(RL approach).

Surprisingly, the second approach led to discovering problem-solving strategies that weren’t explicitly
taught! The model figured out that showing step-by-step reasoning led to better final answers — and
it learned to do this on its own.

This is like a student independently discovering that "showing your work" helps catch mistakes, without
being told to do so.

y

7.2 Why Skip SFT?

In Plain English

The Problem with SFT:
When you show a model thousands of examples of "correct" reasoning, you’re teaching it to imitate
those patterns. But imitation has limits:

* The model can only be as good as the examples you show it

* It learns surface patterns, not deep understanding
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7.3. GROUP RELATIVE POLICY OPTIMIZATION (GRPO)

* It’s expensive to collect thousands of high-quality reasoning traces

* The diversity is limited by human annotators

The RL Alternative:

Instead, just give the model problems and a simple reward signal: "Did you get the right answer?"
Now the model must discover how to reason! And it turns out models discover more creative and
effective strategies than humans would have taught them.

Formal Definition:

GRPO objective:
1 &
Lereo = —E, 36 [G Z (r(z,y:) —7c)
i=1

+log 7 (yilw)l

Where:
* (G = group size (typically 4-8)
* y; = output ¢ in the group
* r(z,y;) = reward for output i

_ G
cTe=1¢% > j—1 r(z,y;) = group average re-
ward

Key insight: Use group average as baseline in-
stead of separate value network!

GRPO Example: Math Problem
Problem: "What is /144 + 12 x 3?"
Correct answer: 48

Step 1: Generate a group of 4 attempts

Plain English:

For each problem:
1. Generate multiple attempts (a "group")
2. Check which ones are correct/incorrect
3. Calculate the average reward for the group
4. Update the model:

* Make above-average attempts more
likely

* Make below-average attempts less
likely

Why this works better:

The group average is a natural baseline, it adapts
to problem difficulty automatically! Hard prob-
lems have lower group averages, easy problems
have higher ones.

No need for a separate critic network like PPO!

Attempt Model Output Final Answer Reward
1 "12 + 36 = 48" 48 T1
2 "V/144 = 12, then 12 + 12 x 3..." 48 +1
3 "V/144 = 14, 14 + 36 = 50" 50 0
4 "144 + 36 = 180" 180 0

Step 2: Calculate group average
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1+140+0 2
o= ——+2%0 I ks =7=05

Step 3: Calculate advantages (reward - average)

Attempt Reward Group Avg Advantage

1 +1 0.5 +0.5
2 +1 0.5 +0.5
3 0 0.5 -0.5
4 0 0.5 -0.5

Step 4: Update policy
* Attempts 1 & 2: Positive advantage — Increase probability

* Attempts 3 & 4: Negative advantage — Decrease probability

What the model learns:
* Showing step-by-step work (attempts 1 & 2) leads to correct answers
» Computing /144 first helps (attempt 2)
» Skipping steps leads to errors (attempts 3 & 4)

Over many problems, the model discovers that detailed reasoning — better rewards!

The Most Surprising Discovery:

Nobody told DeepSeek-R1 to "think step-by-step.” Nobody showed it examples of chain-of-thought
reasoning. Yet it discovered this strategy on its own!

Why did this happen?

1. Longer, more detailed responses naturally have lower probability (more tokens to predict
correctly)

2. But longer reasoning traces lead to better final answers (higher reward)

3. The model learns: "The reward boost from correct answers outweighs the cost of longer se-
quences"

4. Result: The model develops elaborate reasoning chains

This is like a student discovering that writing out their thought process helps them catch mistakes,
without a teacher telling them to do so!



7.5. TRAINING STAGES AND "AHA MOMENTS"

The Training Journey:
DeepSeek-R1’s training showed clear phases:

Stage 1: Random Exploration (First 100-500 steps)
* Model outputs are chaotic
* Rewards are near zero
* No clear patterns
Stage 2: Basic Patterns (500-2000 steps)
* Model learns to format outputs correctly
* Discovers that attempting calculation — higher reward than random text
* Still many errors
Stage 3: "Aha!" Moment (2000-5000 steps)
* Sudden emergence: Model starts showing intermediate steps
* Reasoning chains appear spontaneously
* Accuracy jumps dramatically (30% — 60%)
* This is NOT gradual—it’s a phase transition!
Stage 4: Refinement (5000+ steps)
* Reasoning becomes more sophisticated
* Model learns to verify its own work
* Self-correction emerges

* Accuracy continues improving (60% — 85%-+)

Aspect

DeepSeek-R1

OpenAl o1
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Training approach

Pure RL (no SFT)

Likely SFT — RLHF

Public details

Open weights, methodology

Closed, limited info

Reasoning style

Very explicit, visible

Hidden "thinking"

Cost

Lower (simpler pipeline)

Higher (multi-stage)

Performance

State-of-the-art

State-of-the-art

Novel contribution

Proved SFT unnecessary

First to show test-time scaling
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Key Takeaway:

Both models prove that investing computation at training time (RL) or inference time (test-time
compute) produces models that can reason rather than just pattern-match.

DeepSeek-R1’s contribution: Showing you can skip expensive human-annotated reasoning examples
entirely!

Important Considerations:
While DeepSeek-R1’s approach is revolutionary, it’s not always the best choice:

When pure RL works well:
* Objective rewards (code execution, math verification)
* Lots of compute available
* Want to discover novel strategies
When SFT still helps:
* Subjective tasks (creative writing, style)
* Limited compute
* Need specific output formats
* Cold-start: RL from random initialization is very slow

Best of both worlds: Minimal SFT for basic instruction following, then aggressive RL for capability
development.



Chapter 8

RL at Different Training Stages

8.1 The Four Stages of RL Deployment

In Plain English

Reinforcement learning isn’t just something you add at the end! You can apply RL at different points in
a model’s life cycle, each with different benefits and costs:

1. During Pretraining/Continued Pretraining - Teaching fundamental capabilities
2. During Fine-tuning - Aligning with human preferences
3. During Inference - Spending extra compute per query
4. Continuous/Online Learning - Adapting from production traffic
Think of these like different times to teach a skill:
* Pretraining RL = Teaching a child foundational problem-solving
* Fine-tuning RL = Teaching specific preferences (be polite, be concise)
* Inference RL = Taking time to "think" before answering

* Online RL = Learning from every conversation you have

8.2 Stage A: RL During Pretraining

Why Apply RL During Pretraining?

Traditional view: Pretraining = next-token prediction on massive text corpora. Just learn to predict,
nothing fancy.

DeepSeek’s insight: Why not teach the model to reason during pretraining itself?

Benefits:

* Reasoning becomes a fundamental capability, not an afterthought

* Model discovers strategies naturally (chain-of-thought, self-verification)
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* No need for expensive human-annotated reasoning traces
* Better scaling: more compute — better reasoning
Costs:
* 2-4x more expensive than standard pretraining
* Requires careful reward design

* Risk of reward hacking if not careful

Analogy

You wouldn’t teach calculus to a kindergartener! You start with counting, then addition, then multipli-
cation, and eventually work up to derivatives.

RL during pretraining works the same way:

Stage 1: Easy problems (arithmetic)

* "Whatis 5 + 7?"

* Clear right/wrong answers

* Fast feedback

* Builds confidence (high reward signals)
Stage 2: Medium problems (multi-step math)

* "If John has 5 apples and buys 3 more, then gives 2 away, how many does he have?"

* Requires planning

* Model learns to break down problems
Stage 3: Hard problems (competition math)

» "Prove that v/2 is irrational"

* Requires sophisticated reasoning

* Only works if earlier stages succeeded

This curriculum is crucial! Skip easy problems — model never learns basic reasoning — fails on
everything.

Breaking It Down Step-by-Step

Cost Comparison: Standard Pretraining vs RL-Enhanced Pretraining

Standard Pretraining:

* Generate 1 token, predict next token, compute loss
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* Cost per example: Ciorwarg (0ne forward pass)
* Tokens processed: ~10-100T tokens

* Total cost: Cyandard = 10T X Chorward

RL-Enhanced Pretraining (DeepSeek approach):

* Generate complete response (forward pass): Crorward
* Evaluate reward (might need verification): Cleward
* Compute policy gradient and update: Chaciward

* Generate multiple samples per problem: xG (group size, typically 4-8)

Cost per example: G x (Crorward + Creward + Chackward)

Multiplier:

G x (Cforward + Creward + Obackward)

~2—4x
C’forward

Cost multiplier =

Is it worth it?
* 3X more expensive to train
* But resulting model has emergent reasoning abilities
* Saves millions of dollars on human annotation
* Discovers strategies humans wouldn’t have taught

Verdict: For reasoning-heavy applications, absolutely worth it! For general language modeling, maybe
not.
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This is the most common use of RL, and what we covered extensively in earlier chapters:

Standard RLHF Pipeline:

1. Start with pretrained model

2. Supervised fine-tuning (SFT) on high-quality examples

3. Train reward model on human preferences

4. PPO or DPO to optimize policy

Key difference from pretraining RL:

* Pretraining RL: Teaching capabilities (how to reason)

* Fine-tuning RL: Teaching preferences (what humans like)

Think of it as: pretraining RL makes the model smarter, fine-tuning RL makes it more helpful.

Formal Distinction:

Offline RL:
* Fixed dataset D = {(x;,y;,7:)}
* Policy 7y learns from D

* No new data generation during training

Online RL:
* Policy 7y generates new samples
* Samples evaluated with reward r(z, y)
* Dataset grows: Dy — Dyyq

* Distribution shifts as policy improves

On-policy (like PPO):
Use samples from 7y to update 7y
Off-policy (like DQN):

Use samples from old 744 to update 7y

Plain English:

Offline RL:

Like learning to cook by reading a fixed cookbook.
You study the recipes (dataset) but never actually
cook (generate) to see what happens.

Pros: Safe, cheap, reproducible

Cons: Limited by cookbook quality

Online RL:

Like learning to cook by actually cooking! You
try recipes, taste results, learn from mistakes, try
new variations.

Pros: Discovers novel strategies, adapts to chang-
ing preferences

Cons: Expensive (lots of cooking/generation),
risky (might make terrible food/outputs)

Most practical systems: Hybrid! Start offline
(safe learning), then carefully add online data.



8.4. STAGE C: RL DURING INFERENCE (TEST-TIME COMPUTE)

The Online RL Challenge:
As your policy improves, the data distribution changes:
Iteration 1:

* Policy is mediocre

* Generates mostly poor responses

* Dataset has ~30% good examples
Iteration 5:

* Policy is better

* Generates mostly good responses

* Dataset now ~80% good examples

The Problem:

The reward model was trained on the original distribution (30% good)! It might not accurately score
the new distribution (80% good).

Symptoms:

* Reward model assigns similar scores to everything (saturation)
* Policy stops improving (no learning signal)
* Or worse: reward hacking (exploiting reward model mistakes)
Solutions:
1. Retrain reward model periodically on new data
2. Use multiple reward models (ensemble)
3. Strong KL penalty to prevent policy from drifting too far

4. Conservative updates (small learning rates)

The Fundamental Idea:

All the RL we’ve discussed happens during training. But what if we use RL-like ideas during inference
for each query?

This is what "test-time compute" means: spending extra computation when answering to improve
quality.

Three flavors:

1. Generate multiple answers, pick best (best-of-N sampling)
2. Self-correction loops (generate — critique — revise)

3. Tree search (explore multiple reasoning paths)
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We covered best-of-N in depth earlier. Let’s explore the other two!

The Self-Correction Pattern:
Algorithm Overview:
1. Generate Initial Response
* response < model.generate(prompt)
2. Iterative Refinement Loop (repeat up to 3 times)

(a) Critique: Ask model to review current response

— critique <+ model.generate("Review this: " + response)
(b) Check: If critique says "no errors" — stop and return
(c) Revise: Generate improved version based on critique

— response < model.generate(original + critique + "improve")

3. Return final refined response

When this works:
* Model is good at verification but sometimes makes mistakes in generation
* Problems where checking is easier than solving
* High-stakes applications (worth the extra compute)
When this fails:
* Model’s critique ability is poor (can’t identify its own errors)
* Model gets stuck in loops (fixes one thing, breaks another)

* Hallucinations in critique (invents nonexistent errors)

Beam Search:

Imagine you're navigating a maze, but at each intersection you can clone yourself and try multiple
paths simultaneously. You keep the K most promising clones and discard the rest.

In LLM generation:

* At each token position, consider top K possibilities
* Score each partial sequence (with reward model or value function)
* Keep top K sequences, discard others

* Continue until all sequences finish
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* Return highest-scoring complete sequence

Cost: K x normal inference cost
Benefit: Can escape local minima (early mistakes)

Monte Carlo Tree Search (MCTS):
Like beam search, but smarter! Instead of keeping K parallel paths, you:

1. Selection: Pick most promising partial path to expand

2. Expansion: Try possible next steps

3. Simulation: Complete the path (rollout)

4. Backpropagation: Update value estimates for all ancestors

This is what AlphaGo uses! And it’s increasingly used for LLM reasoning tasks.

MCTS Example: Math Problem
Problem: "Solve: 2z + 5 = 13"

Initial state: Empty response, need to choose first step.
Possible first steps:

e A:"Subtract 5 from both sides"
* B: "Divide both sides by 2"
e C:"Add 5 to both sides"

Round 1: Try each once
* Try A — continue — "2z = 8" — "z = 4" (Reward: +1)
* Try B — continue — "z + 2.5 = 6.5" — "z = 4" (Reward: +1, but more steps)
* Try C — continue — "2z + 10 = 18" — wrong path (Reward: 0)
Update values:
e Value(A) = 1.0 (best!)
¢ Value(B) = 0.8 (correct but inefficient)
¢ Value(C) = 0.0 (leads to error)
Round 2: Focus on promising branches
Since A has highest value, explore more variations:
* A — "2z = 8" — "Therefore, z = 8/2" — "z = 4"
* A — "2z = 8" — "Dividing by 2: z = 4"
Both work! Value(A) increases to 1.0 (very confident).

Final decision: Pick path A (highest value), return best completion found.
Key insight: MCTS allocates compute intelligently—spend more time exploring promising paths!
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The Ultimate Goal:

Imagine your deployed Al system continuously learns from every user interaction! Every conversation
makes it slightly better.

The Dream:

* User asks question

* Model responds

* User implicitly/explicitly provides feedback (clicks, ratings, edits)
* Model updates immediately

* Next user gets improved model

The Reality: This is extremely difficult!

Why Production RL Is Hard:
1. Exploration vs Exploitation

* Exploitation: Always give best-known answer (users happy now)

* Exploration: Try new strategies (might be better, might annoy users)

In production, exploration can upset users! Can'’t just try random things.
Solution: Careful exploration (small percentage of traffic, only low-stakes queries)

2. Reward Signal Delay
User feedback might come minutes/hours/days later! How do you attribute success/failure?
Solution: Credit assignment algorithms, session-level rewards

3. Reward Hacking at Scale
With millions of updates per day, model might find exploits:

* Learns to give popular answers, not correct ones
* Optimizes for clicks, not helpfulness
* Finds reward model bugs and exploits them
Solution: Multiple reward models, human oversight, safety constraints

4. Distribution Shift

Today’s users might be different from tomorrow’s! Model trained on morning users might fail on
evening users.

Solution: Adaptive learning rates, forgetting mechanisms, diverse data collection
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How Companies Actually Do Production RL:
1. Staged Rollout
* Test on internal users first (employees)
* Then 1% of real users (canary deployment)
* Gradually increase to 10%, 50%, 100%
* Monitor metrics at each stage
* Rollback immediately if issues
2. Dual Model System
¢ Production model: Serves most users, stable
* Experimental model: Learns from new data, tested on small percentage
* Only promote experimental — production if clearly better
3. Offline Evaluation First
* Collect production data (queries + responses + feedback)
* Train updated model offline
* Evaluate on held-out test set
e Simulate counterfactuals (what would new model have done?)
* Only deploy if offline metrics improve
4. Human-in-the-Loop
* Random sample of updates reviewed by humans
* Anomaly detection flags suspicious updates
* Red team testing before each deployment
5. Conservative Updates
* Strong KL constraint (stay close to base model)
* Small learning rates (slow, steady improvement)

* Frequent snapshots (can rollback anytime)
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Process Reward Models (PRMs)

9.1 Outcome Rewards vs Process Rewards

In Plain English

Imagine you're a math teacher grading a student’s work. You have two options:
Option 1: Outcome-Based Grading (ORM)

* Only look at the final answer

* Correct answer = full credit

* Wrong answer = no credit

* Don’t care how they got there
Option 2: Process-Based Grading (PRM)

* Grade each step of the solution

* Step 1 correct — partial credit

* Step 2 correct — more partial credit

* Final answer correct — remaining credit

* Even if final answer is wrong, can get partial credit for correct reasoning

Which produces better learning? Obviously process-based! Students learn how to think, not just how
to guess answers.
Same principle applies to training Al!
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Math: Formal & Intuitive Side-by-Side

Formal Definitions: Plain English:
Outcome Reward Model (ORM): Outcome Reward Model:
rorm (%, y) = 7(2, Yinal) e Input: Complete response
where ygpa is the final answer. * Output: Single number (how good is the
Function signature: final answer?)
rorm : (prompt, response) — R * Example: "Is the final answer correct? +10

if yes, -5 if no"

Process Reward Model (PRM):
Process Reward Model:

T
reru (2, ) = > (2, Y1) * Input: Partial response (up to some step)
t=1

* Output: Number for that step (how good is

where y; is step ¢ of the solution. this step?)

Function signature:
* Run multiple times, once per step
r¢ : (prompt, partial response) — R
* Total reward = sum of all step rewards
Returns reward for each step ¢.
Example conversation:

Key dlfference: ] ORM: "Here’s the solution. Final answer: z = 4.
ORM: Single score for entire response Is it correct?"
PRM: Score for each reasoning step PRM: "Let me check each step:

e Step 1: Good! +2
e Step 2: Good! +2
e Step 3: Good! +2
* Step 4: Correct! +4

e Total: +10

9.2 The Power of Step-by-Step Feedback

Breaking It Down Step-by-Step

Detailed Comparison: ORM vs PRM
Problem: Solve 2z + 5 = 13

Scenario 1: Correct Solution
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Step Work Shown ORM PRM

1 "Subtract 5 from both — +2
sides"

2 "2x = 8" — +2

3 "Divide both sides by 2" — +2

4 "z = 4" — +4

Final Answer: z =4 +10 +10

Both ORM and PRM give full credit. So far, no difference!

Scenario 2: Wrong Final Answer, But Good Process

Step Work Shown ORM PRM

1 "Subtract 5 from both — +2
sides"

2 "2z = &" — +2

3 "Divide both sides by 2" — +2

4 "r = 5" (arithmetic error!) — -2

Final Answer: z=25 -5 +4

Big difference!
* ORM: Heavily penalizes (-5) even though process was 75% correct

* PRM: Gives +4, recognizing good reasoning despite arithmetic slip

Scenario 3: Correct Final Answer, But Flawed Reasoning

Step Work Shown ORM PRM
1 "Multiply both sides by 2" — -1

2 "4o + 10 = 26" — 0
3 "Subtract 10: 4z = 16" — +1
4 "Divide by 4: 2 = 4" — +2
Final Answer: x =4 +10 +2

HUGE difference!
* ORM: Full credit (+10)—can’t tell the reasoning was flawed

* PRM: Only +2—correctly identifies the unnecessarily complicated approach

What the model learns:

* With ORM: "Somehow I got the right answer. Keep doing... whatever I did?"

* With PRM: "My initial strategy was wrong. I should subtract first, not multiply."

PRM teaches how to reason, not just how to get lucky!
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9.3 Training Process Reward Models
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How to Train a PRM:

Step 1: Collect Step-Level Annotations
This is expensive! For each problem:

1. Model generates a solution with explicit reasoning steps
2. Human annotator reviews each individual step:

* Correct reasoning
* Incorrect reasoning
* ? Unclear/ambiguous

3. Store training triple: (problem, partial solution, ., label,)

Example Annotation Sequence:
Problem: "What is 15% of 200?"

* After Step 1: "15% means 0.15"
— Label: (correct understanding)

* After Step 2: "15% means 0.15, so 0.15 X 200"
— Label: (correct setup)

* After Step 3: "15% means 0.15, so 0.15 X 200 = 3"
— Label: NEGATIVE (arithmetic error!)

* After Step 4: "15% means 15/100 = 0.15, so 0.15 X 200 = 30"
— Label: (correct solution)

Step 2: Train the PRM
Model Architecture:

e Base: Transformer model (similar to ORM)
* Input: (problem, partial_solution, ;)
* Output: P(step, is correct)

* Loss: Binary cross-entropy on step-level labels

Training Algorithm:
1. For each training example (p, s1.¢,¥¢):

(a) Encode problem and partial solution
— score; < PRM(p, s1.¢)
(b) Compute binary classification loss
{1.0 if y, = correct
- target = . )
0.0 if y, = incorrect
- L = BCE(score,, target)
(c) Update model parameters
-0+ 60—aVyLl
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Challenge: Step-Level Annotation is Expensive!
Annotating every single step is 10-20 X more expensive than just labeling final answers.
Practical solutions:

1. Synthetic Data
* For math: Use symbolic solvers to verify each step
* For code: Check if each line compiles and maintains correctness
* Cheaper but only works for objective tasks
2. Sparse Annotation
* Only annotate steps where model is uncertain
* Active learning: PRM requests labels for confusing steps
* Reduces annotation cost by 5-10x
3. Weak Supervision
* Automatic heuristics (length, coherence, keyword matching)
* Not perfect but cheap at scale
* Use as noisy training signal, validate with small amount of human labels
4. Knowledge Distillation
* Train expensive PRM on small amount of human data
* Use it to label more data automatically

* Train cheaper PRM on larger automatically-labeled dataset

Remember best-of-N sampling? Generate N responses, pick the best one?
With an ORM: Score each complete response, pick highest.

With a PRM: You can do something smarter!

PRM-guided best-of-N:

1. Generate N responses, each with explicit reasoning steps
2. For each response, score every step with PRM
3. Total score = sum of step scores (or product of step probabilities)
4. Pick response with highest total score
Why this is better:

* Can identify flawed reasoning even if final answer looks good
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* More fine-grained signal (scoring 10 steps vs 1 answer)

* Can detect where model goes wrong (useful for debugging)

Breaking It Down Step-by-Step

PRM Best-of-N Example
Problem: "A store has a 20% off sale. If a jacket originally costs $80, what’s the final price?"

Generate 3 candidate responses:

Response 1:
1. "20% off means we pay 80%" PRM: +2
2. "80% of $80 = 0.80 x 80" PRM: +2
3. "0.80 x 80 = 64" PRM: +2
4. "Final price: $64" PRM: +4

Total: +10 (perfect reasoning)

Response 2:
1. "20% off means discount is $20" PRM: -1
2. "$80 - $20 = $60" PRM: 0 (follows wrong assumption)
3. "Final price: $60" PRM: -2

Total: -3 (incorrect logic)

Response 3:
1. "20% of $80 = $80 x 0.20 = $16" PRM: +2
2. "$80 - $16 = $64" PRM: +2
3. "Final price: $64" PRM: +4

Total: +8 (correct, but less explicit)

Decision:
Pick Response 1 (highest PRM score: +10)!

What if we used ORM instead?
All three arrive at final numbers, but:

* Response 1: $64 — ORM: +10
* Response 2: $60 — ORM: -5
* Response 3: $64 — ORM: +10

ORM thinks Responses 1 and 3 are equally good! PRM correctly identifies Response 1 as having more
thorough reasoning.
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Empirical Results from "Let’s Verify Step by Step" (Lightman et al., 2023):

On MATH benchmark (competition-level problems):

Method Accuracy Improvement
Base model (greedy) 42.0% —

+ ORM best-of-100 58.3% +16.3%

+ PRM best-of-100 72.2% +30.2%

PRM gives 2% the improvement of ORM!

Why such dramatic gains?

1. Better exploration: PRM identifies promising partial solutions early, guides generation toward
correct final answers

2. Catches lucky guesses: ORM can't tell if model got correct answer through sound reasoning or
luck; PRM can

3. Partial credit: Even failed attempts provide learning signal if some steps were correct

4. Fine-grained feedback: Model learns "where I went wrong" not just "I got it wrong"

Best Practice: Use Both!
Ensemble approach:
Final score = « - PRM score + (1 — «) - ORM score

where « € [0, 1] controls the balance.
Typical values: o = 0.7 (favor PRM, but don’t ignore outcomes entirely)
Why combine?

* PRM: Excellent at judging reasoning process

* ORM: Excellent at judging final answer correctness

* Together: Best of both worlds!

Real-world pipeline:
1. Generate N candidate responses (e.g., N = 64)
2. Score each with PRM (step-by-step)
3. Keep top K by PRM score (e.g., K = 8)
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4. Score these K with ORM (final answer)

5. Return highest ORM score from the K

This two-stage approach is computationally efficient: PRM does heavy filtering, ORM makes final
decision.



Chapter 10

Modern RL Algorithms Beyond PPO/DPO

10.1 The Expanding Algorithm Landscape

In Plain English

PPO and DPO are the workhorses of RLHF, but they’re not the only options! Researchers have
developed many variations, each with different trade-offs.

Why so many algorithms?

Different projects have different constraints:

* Limited compute? Try RLOO or GRPO

* Don’t have paired preferences? Try KTO
* Want training stability? Try IPO

* Want efficiency? Try ORPO

Let’s tour the landscape!

10.2 Algorithm Comparison Table

Algorithm Key Innovation When to Use

PPO Clipped policy gradient, value network, General-purpose, well-tested, scales well
multiple epochs

DPO Direct preference optimization without re- Want simplicity, have paired preferences
ward model

GRPO Group-based baselines, no value network  Large-scale training, many GPUs available

RLOO Leave-one-out baselines, variance reduc- Limited compute, small-scale projects
tion

KTO Works with unpaired feedback (only Cheaper data collection, no comparisons
"good" or "bad") needed

PO Identity preference optimization, better ~Want stability, prevent reward hacking
regularization

ORPO Combines SFT + preference learning in Maximum efficiency, fewer training stages
one step

REINFORCE Simple policy gradient, foundation of all Learning/teaching, understanding basics
methods
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10.3 GRPO: Group Relative Policy Optimization

We covered this extensively in the DeepSeek-R1 chapter! See that section for full details.

Key Point

Quick recap:

* Generate groups of responses (typically 4-8 per prompt)

» Use group average as baseline instead of value network

* Simpler than PPO (no critic), more stable than REINFORCE

* What DeepSeek-R1 uses!

When to choose GRPO:

* Training at scale (many GPUs)

* Want simplicity (no value network to train)

* Can afford generating multiple samples per prompt

10.4 RLOO: REINFORCE Leave-One-Out

Math: Formal & Intuitive Side-by-Side

Formal Definition:

For N samples from prompt z: {y1,...,yn }
REINFORCE baseline:

Gradient estimate:

VL; = (r(y;) — b_y) - Vieg mg(yi|x)

Key insight: Each sample gets a baseline com-
puted from the other samples, not including itself!

Plain English:

When grading sample i, don’t include it in the
average!

Why?

If sample i is really good, including it in the av-
erage would make the average higher, making
sample ¢ look less special.

Analogy:

Imagine you’re competing in a race. Your per-
formance should be measured against the other
runners, not against an average that includes your
own time!

Benefits:
¢ Lower variance than vanilla REINFORCE

e No extra neural networks needed (like
PPQO’s critic)

* Works with as few as N = 2 samples!

Breaking It Down Step-by-Step

RLOO Example
Prompt: "Write a poem about spring"
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Generate 4 responses:

# Response

83

Reward

"Spring is nice..." (mediocre)

"Blossoms dance in gentle breeze..." (good!)
"Spring spring spring..." (bad)

"Flowers bloom as winter ends..." (okay)

N WN -

Standard REINFORCE baseline:

p 38145 17, o
4 4

Advantages:

e Sample 1: 3 — 4.25 = —1.25 (decrease probability)

* Sample 2: 8 — 4.25 = 43.75 (increase probability)

* Sample 3: 1 — 4.25 = —3.25 (decrease probability)

* Sample 4: 5 — 4.25 = 40.75 (increase probability slightly)
RLOO baselines (leave-one-out):
For sample 1: b_; = % = 4.67
For sample 2: b_, = 345 — 300

For sample 3: b_5 = % = 5.33
For sample 4: b_, = 3+ = 4.00

3
RLOO advantages:
e Sample 1: 3 — 4.67 = —1.67 (larger decrease!)
e Sample 2: 8 — 3.00 = +5.00 (larger increase!)
e Sample 3: 1 — 5.33 = —4.33 (larger decrease!)

e Sample 4: 5 — 4.00 = +1.00 (larger increase)

3

8
1
5

Notice: RLOO gives stronger signals! Sample 2 (the best one) gets a bigger boost because we’re not

diluting the baseline with its own high score.
This leads to lower variance and faster learning!

The Problem KTO Solves:

All the methods we’ve discussed so far require paired preferences:
"Response A is better than Response B"

But collecting paired comparisons is expensive! You need:

* Two responses for each prompt

* Human annotator to compare them



* Lots of time and money
What if you only have:

* Response A: (good)

* Response B: (bad)

* Response C: (good)
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No comparisons, just independent labels! This is 2x cheaper to collect.

KTO makes this work!

Formal Definition:

KTO loss for desirable output y:

e U( 5 (1o 012

71'ref(y-‘r |.’L‘)

— By, [log m] ))

KTO loss for undesirable output y_:

oo =0 <5 ( log mo(y—|z)

Wref(yf |1')

— By [log m] )>

Total loss:

Lxro = E[Liro] + ElLgrol

When to Use KTO:
Good fit:

Plain English:

For good responses (y.):

* Increase their probability relative to base-
line

* But not uniformly—use a reference distri-
bution

* Penalize if deviation is too large
For bad responses (y_):

* Decrease their probability relative to base-
line

* Again, calibrated against reference

Key insight:
Even without explicit comparisons ("A vs B"), we
can:

* Push up probability of good responses
* Push down probability of bad responses
* The reference distribution provides implicit

comparison!

Name origin:

Based on Kahneman & Tversky’s prospect the-
ory: humans judge outcomes relative to reference
points, not absolute values. Same principle here!

* You have upvotes/downvotes (Reddit, Twitter style)
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* You have star ratings but no explicit comparisons
* Data collection budget is limited
* You want simplicity (no paired data needed)
Not ideal when:
* You already have high-quality paired preferences
* You need very precise ranking information
* Performance is critical (KTO slightly underperforms DPO/PPO with good data)

Practical tip:
Use KTO for initial training with cheap data, then fine-tune with DPO/PPO on smaller high-quality
paired dataset. Best of both worlds!

The Problem IPO Solves:

DPO works great, but it has a weakness: reward hacking through length!

What happens:

DPO learns: "Longer responses tend to be preferred"

Model starts generating unnecessarily long responses to game the preference model.

IPO’s solution:
Add regularization term that explicitly prevents "identity mapping"—where model just copies length
patterns without understanding quality.
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Formal Definition:

DPO loss (recall):

Lppo = —E[loga(g log %
— Blog mn
IPO loss:
Lo = E[(log m

Key difference: Squared loss instead of log-
sigmoid, with explicit gap term %

Trade-off:

CHAPTER 10. MODERN RL ALGORITHMS BEYOND PPO/DPO

Plain English:

DPO says: "Make y,, more likely than y;, as much
as possible"

IPO says: "Make y,, more likely than y;, but by
exactly 5 in log-space"

Why this helps:
The explicit target gap prevents the model from:

* Over-optimizing on easy examples

* Exploiting correlations (like

length)

spurious

* Deviating too far from reference model

Analogy:

DPO coach: "Win by as much as possible!" —
Team runs up the score unnecessarily

IPO coach: "Win by exactly 10 points" — Team
wins efficiently, doesn’t waste energy

IPO is more stable and less prone to reward hacking than DPO.
But: Slightly lower peak performance (the explicit gap constraint limits optimization).

When to choose IPO over DPO:

* You've observed reward hacking with DPO

* Training stability is more important than peak performance

* You want more predictable behavior

The Ultimate Efficiency Hack:
All methods so far have multiple stages:

1. SFT (learn to follow instructions)

2. Preference learning (learn what humans like)

ORPO asks: Can we do both in one step?
Answer: Yes!

Combine the SFT loss and preference loss into a single objective!



10.7. ORPO: ODDS RATIO PREFERENCE OPTIMIZATION

Formal Definition:
ORPO loss:
Lorro =Lsrr + A - Lor

where:
SFT term:

Lspr = —E [log 79 (yw|2)]
Odds ratio term:
7o (Y |2)
1- 770(yw|1')

— log 1 ii(rz(jl(yxﬂ)f))}

Lor = —E [log U(log

A controls relative importance of the two terms
(typically 0.1-1.0).

When to Use ORPO:

Great choice when:
* You want maximum efficiency

* You have both:

— Good instruction-following examples

— Paired preferences

Plain English:

Two goals simultaneously:
1. Learn from good examples (SFT part):

* Increase probability of good responses y,,
* Learn general instruction-following
2. Learn preferences (OR part):

* Make good responses more likely than bad
ones

e Use odds ratio (hence the name)

Benefits:

» Faster: Skip separate SFT stage

* Cheaper: One training run, not two

* Simpler: Fewer hyperparameters to tune
Analogy:
Traditional: Learn piano scales (SFT), then learn
songs (RLHF)

ORPO: Learn scales within the context of songs
from day one!

* You're training smaller models (faster iteration)

* Compute budget is tight

Maybe not ideal when:

* You need absolute state-of-the-art performance

* You want to separately tune SFT vs preference learning

* You have very different data for SFT vs preferences

Empirical results:

ORPO typically achieves 95-98% of PPO’s performance in 50% of the training time! Great for practical

projects.
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10.8 REINFORCE: The Foundation

In Plain English

We’ve discussed many sophisticated algorithms, but they all build on one foundation: REINFORCE

(aka vanilla policy gradient).
REINFORCE is important for two reasons:

1. Historical: It’s where policy gradient methods began

2. Educational: Understanding REINFORCE helps you understand everything else

It’s like learning arithmetic before algebra—not what you’ll use in practice, but essential for deep

understanding!

Formal Definition:
REINFORCE objective:

Gradient:
VJ(G) - Eywﬂ'g [T(y) -V log ﬂg(y|$)}
With baseline b:

VJ(0) = Eymry[(r(y) — b) - Vlog mo(y| )]

That’s it! Simple but high variance.
All other algorithms add:

¢ Better baselines (RLOO, GRPO, PPO)
* Preference-based rewards (DPO, IPO, KTO)

* Clever optimization tricks (PPO clipping)

Plain English:
The simplest possible RL algorithm:
1. Generate response y from current policy
2. Get reward r(y)
3. If reward is good, make y more likely
4. If reward is bad, make y less likely
5. Repeat!

Problem: Very noisy!

If you get lucky once and generate a good re-
sponse by chance, you might over-commit to it.
Solution: Use baseline (subtract average reward)
to reduce noise.

Why learn REINFORCE?
¢ It’s the "Hello World" of RL
* Easy to implement (20 lines of code)

* Helps you understand more complex meth-
ods

* Actually works for simple problems!




10.9. CHOOSING THE RIGHT ALGORITHM

Decision Tree:
Do you have paired preferences (A vs B)?

¢ Yes — Consider DPO, IPO, ORPO, or PPO

* No — Consider KTO or collect comparison data
What’s your compute budget?

* High — PPO (best performance, most resource-intensive)

* Medium — DPO or GRPO (good balance)

¢ Low — RLOO, KTO, or ORPO (most efficient)
What’s your priority?

* Peak performance — PPO or DPO

* Training stability — IPO or GRPO

* Maximum efficiency — ORPO or RLOO

* Cheap data collection — KTO

* Learning/teaching — REINFORCE

Safest bet for practitioners:
Start with DPO (simple, effective, well-documented). If you run into issues, consider alternatives
based on specific problems you encounter.
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Chapter 11

Reasoning and Chain-of-Thought Emergence

11.1 The Surprising Discovery

A Paradigm Shift in AI:

For years, researchers believed: "If you want a model to reason step-by-step, you need to show it
examples of step-by-step reasoning."

This led to expensive efforts to collect "chain-of-thought" (CoT) datasets: thousands of problems with
detailed, step-by-step solutions written by humans.

Then DeepSeek-R1 and similar models revealed something shocking: Chain-of-thought reasoning
can emerge spontaneously from pure reinforcement learning!

Nobody told the model to think step-by-step. Nobody showed it examples. Yet it discovered this
strategy on its own, because detailed reasoning leads to better final answers (higher rewards).

This is like a student independently discovering that "showing your work" helps catch mistakes -
without a teacher ever mentioning it!

11.2 Why Does RL Discover Chain-of-Thought?

The Fundamental Trade-off:
Two competing forces during RL training:

Force 1: Maximize reward
* Longer, more detailed reasoning — fewer mistakes — higher final accuracy
* Incentive: Generate elaborate reasoning chains
Force 2: Minimize length (implicit)
* Each token has probability < 1
* Longer sequences have lower total probability: p(long) = p(t1) - p(t2) - ... - p(t100) < p(short)

* Incentive: Keep responses short

The Balance:




11.2. WHY DOES RL DISCOVER CHAIN-OF-THOUGHT?

If the reward boost from better accuracy outweighs the probability penalty from
extra length, then detailed reasoning emerges!

This happens naturally when:
* Rewards are sparse (hard problems)
* Accuracy improvements are significant

* Model has capacity for long-term planning

The Length-Reward Trade-off (Quantified)
Scenario: Model solving math problem

Strategy 1: Direct Answer (short)
* Response: "The answer is 42"
* Length: 5 tokens
* Probability: p; - p2 - p3 - pa - ps ~ (0.8)° = 0.33
* Accuracy: 40% (many mistakes without showing work)

* Expected reward: 0.33 x 0.40 x 10 = 1.32

Strategy 2: Detailed Reasoning (long)

* Response: "Let me break this down step by step: [50 tokens of reasoning]... Therefore, the
answer is 42"

* Length: 55 tokens
* Probability: (0.8)%° ~ 0.000013 (much lower!)
* Accuracy: 85% (fewer mistakes when showing work)
* Expected reward: 0.000013 x 0.85 x 10 = 0.00011
Wait, this makes no sense! Strategy 2 has lower expected value?

The Key Insight: Rewards are observed, probabilities are not!
The RL algorithm doesn’t see the absolute probability. It sees:

* Generate short response — reward = 0 (wrong 60% of the time)

* Generate long response — reward = 10 (right 85% of the time)
The policy gradient pushes up probability of high-reward samples, regardless of initial likelihood!
After many updates:

* Strategy 1 probability: 0.33 — 0.10 (decreased)

* Strategy 2 probability: 0.000013 — 0.25 (increased dramatically!)

The model learns: "Yes, long reasoning is unlikely a priori, but it gets such high rewards that it’s worth
it!"
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Type How It’s Created Characteristics
Prompted CoT Add '"Let’s think step by step" to Pros: Zero training cost, works imme-
prompt diately
Cons: Quality varies, not optimized
for task
Fine-tuned CoT SFT on human-written reasoning Pros: High quality, consistent style
traces Cons: Expensive data collection, lim-
ited by human examples
RL-discovered CoT Emerges from pure reward signal Pros: Discovers novel strategies, opti-

mized for reward
Cons: Requires significant compute,
may be less interpretable

Performance Ranking (typical):
On difficult reasoning tasks:

1. RL-discovered CoT: Best (85-90% accuracy)
2. Fine-tuned CoT: Very Good (75-85% accuracy)
3. Prompted CoT: Good (65-75% accuracy)

4. No CoT: Baseline (30-50% accuracy)

Why RL wins:

RL-discovered CoT isn’t constrained by human intuitions about "how to solve problems." It discovers
whatever reasoning patterns actually maximize reward, even if unconventional!

Example: Models often discover that "solving the problem multiple ways and comparing" is highly
effective - a strategy few humans would have explicitly taught.

The Training Phases:
Phase 1: Chaos (Steps 0-1000)
* Model outputs are random
* No coherent structure
* Rewards near zero
* What’s happening: Random exploration
Phase 2: Structure Discovery (Steps 1000-5000)
* Model learns to format outputs (problem — solution structure)

* Begins attempting calculations



11.4. WHEN AND HOW REASONING EMERGES

* Rewards start increasing (10-20% accuracy)

* What’s happening: Learning task structure
Phase 3: "Aha!" Moment (Steps 5000-8000)

* Sudden emergence: Model starts showing intermediate steps!

* Reasoning chains appear spontaneously

* Dramatic accuracy jump (20% — 55%)

* This is not gradual—it’s a phase transition

* What’s happening: Model discovers length-quality correlation
Phase 4: Refinement (Steps 8000+)

* Reasoning becomes more sophisticated

* Self-correction appears ("Wait, that doesn’t seem right...")

* Multiple solution strategies emerge

* Accuracy continues climbing (55% — 85%+)

* What’s happening: Optimizing discovered strategy

Why is the emergence sudden rather than gradual?
Think about learning to ride a bicycle:

* Days 1-10: Falling constantly, no progress
* Day 11: Suddenly you can balance! Even if just for a few seconds
* Days 12-20: Rapid improvement, can ride confidently

There’s a critical point where "getting it" happens suddenly. Before that point, the skill doesn’t work at
all. After that point, it starts working and improves quickly.

RL training shows similar phase transitions:
Before the "aha":

* Model tries short responses (low initial cost)
* Gets low rewards
* Incrementally tries slightly longer responses
* Still low rewards (reasoning not yet coherent)
The "aha":
* Model generates first coherent multi-step reasoning by chance

* Gets high reward!
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* Policy gradient strongly reinforces this
* All similar reasoning patterns get boosted
* Sudden jump in capability
After the "aha":
* Model now "knows" reasoning helps
* Explores variations (how to reason better)

* Steady improvement

Compute Scaling for Reasoning:
Unlike standard language modeling, reasoning ability scales super-linearly with compute during RL
training!

Standard scaling (pretraining):

Loss o« C™¢
where C' = compute, o =~ 0.05-0.10 (slow improvement)
Reasoning scaling (RL training):

Accuracy < C~—°
where 8 = 0.15-0.25 (faster improvement!)

What this means:

Investing 10X more compute in RL training yields 3-4 X improvement in reasoning accuracy! This is
much better scaling than standard pretraining.

Why?

* Reasoning is a skill that can be learned
* More compute — more exploration — better strategies

* Phase transitions create non-smooth scaling (big jumps)

Example Scaling Data (Hypothetical):

RL Compute Accuracy (MATH) Cost $/Accuracy

1x (baseline) 45% $10K $222
10X% 68% $100K $1,470
100x 82% $1M $12,195

1000 x 89% $10M $112,360
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Analysis:
* 1X — 10X: Huge gains (45% — 68%), relatively cheap per point
* 10x — 100x: Still good gains (68% — 82%)
* 100X — 1000X: Diminishing returns (82% — 89%), very expensive

Practical takeaway:
For most applications, 10-100X compute is the sweet spot. Beyond that, returns diminish rapidly.
But for cutting-edge research (pushing state-of-the-art), the 1000 X regime might be worth it!
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Prompted CoT Analysis:

Mechanism:
Adding "Let’s think step by step" triggers mode in
model that was learned during pretraining/SFT.

Advantages:

* Zero training cost

* Works immediately

* Interpretable (uses human-like reasoning)
Disadvantages:

* Quality depends on base model

* Not optimized for specific task

* Prompt engineering required
Cost per query:

Longer responses (more tokens) = higher cost
Example:

e Without CoT: 20 tokens X $0.01 = $0.20

* With prompted CoT: 150 tokens x $0.01 =
$1.50

7.5X more expensive per query!

RL-discovered CoT Analysis:

Mechanism:
Model discovers reasoning patterns that maxi-
mize reward, optimized for task.

Advantages:

* Best performance

¢ Task-optimized

* Discovers novel strategies

* No prompt engineering
Disadvantages:

* High training cost (one-time)

* May be less interpretable

* Requires good reward signal

Cost structure:
* Training: $100K - $1M (one-time)
¢ Inference: Same as prompted CoT

Amortized cost:
If you make 1M queries:

* Prompted CoT: $1.5M total

e RL-CoT: $100K training + $1.5M inference
= $1.6M

If you make 100M queries:
* Prompted CoT: $150M
* RL-CoT: $100K + $150M $150M

Training cost becomes negligible at scale!



Chapter 12

Self-Play and Iterative Methods

12.1 The Self-Improvement Loop
. twton

The Core Idea:

What if a model could improve itself? Generate outputs, critique them, generate better versions,
repeat!

This is called self-play or iterative refinement, and it’s surprisingly effective.

The loop:

1. Model generates response

2. Model evaluates/critiques its own response

3. Model generates improved version

4. Repeat until satisfied (or iteration limit reached)

Why this works:
Models are often better at verification (judging quality) than generation (producing quality). By
separating these into distinct steps, we can leverage each strength!

12.2 Constitutional Al (Anthropic)

In Plain English

The Problem:
Traditional RLHF requires thousands of human comparisons: "Response A or Response B?"
This is slow and expensive. Can we reduce human labor?

Constitutional AI’s Solution:
Replace most human feedback with model self-critique guided by principles ("the constitution").

The Constitution (Example Principles):
1. "Please choose the response that is most helpful, harmless, and honest."
2. "Which response avoids harmful stereotypes?"

3. "Which response respects privacy and confidentiality?"
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The Two-Stage Process:
Stage 1: Self-Improvement (Supervised)

* Model generates initial response
* Model critiques it according to constitution
* Model generates revised response
* Train model on (prompt — revised response) pairs
Stage 2: RL from Al Feedback (RLAIF)
* Model generates pairs of responses
* Model evaluates which better follows constitution
* Use these preferences for preference learning (DPO/PPO)

Human involvement: Only needed to write constitution and validate occasionally!

Constitutional Al in Practice:
Example Iteration:

1. User Query: "How do I make a bomb?"
2. Initial Model Response:

* "Here are the ingredients you’ll need..."

* — Harmful and unsafe content
3. Self-Critique (guided by principle: "avoid harmful content"):

* "This response violates safety guidelines. I should refuse and explain why."
4. Revised Response:

* "I cannot and will not provide information on creating weapons or explosives. This could
cause serious harm. If you’re interested in chemistry, I'd be happy to discuss safe, legal
experiments instead."

* -
5. Training Data Generated:

e Store: (harmful prompt — safe refusal)

Benefits:
* Scales to millions of examples (model self-critiques are free)
* Consistent application of principles

* Reduces human annotation cost by 90%+

Limitations:
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* Quality depends on base model’s critique ability

* Constitution must be carefully designed

* May inherit base model biases

The STaR Methodology:
STaR (Self-Taught Reasoner) is another self-improvement loop, focused specifically on reasoning:

The Cycle:

1.

2
3.
4

921

Generate: Model attempts to solve problem with reasoning

. Verify: Check if answer is correct (using ground truth or verifier)

Filter: Keep only correct solutions

. Rationalize: For wrong solutions, give model the answer and ask it to generate reasoning that

leads there

. Train: Fine-tune on all correct reasoning traces (both original and rationalized)

. Repeat: Model improves, can solve harder problems, generates better reasoning, repeat!

The clever part: "Rationalization"!
Even when the model fails, we don’t throw away the problem. We tell it the correct answer and ask:
"How would you have gotten there?" This creates training data from failures!

STaR Example Iteration:

Problem: "If 2z + 5 = 17, what is z?" Correct Answer: = = 6

Attempt 1 (Model’s First Try):

1.

2.
3.

Generated Reasoning:

¢ '"Let me solve this:"

e 2x+5=17
* 2r=17—-5=12
e x=12/2=6

Verification: Correct!

Action: training data <« (problem, correct reasoning)

Attempt 2 (Model’s First Try):

1.

Generated Reasoning:
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e "Hmm, let me try:"
e 2x =17 (forgot to subtract 5!)
¢ 2=17/2=85

2. Verification: Wrong!
3. Rationalization Process:

* Prompt: "The answer is x = 6. Generate correct reasoning to reach it."
* Rationalized reasoning:

— "Given the answer is x = 6, let me work backwards:"
If x = 6, then 2z = 12

And 12+ 5 =17

— "So the correct steps must be:"

Step 1: Subtract 5 from both sides — 2z = 12

Step 2: Divideby 2 - 2z =6

4. Action: training data < (problem, rationalized_reasoning)

Final Training Dataset:
* Original correct reasoning from Attempt 1

* Rationalized correct reasoning from Attempt 2

Result: Model improves by learning from both natural successes and rationalized failures!

Potential Issues with STaR:

1. Distribution Mismatch:

Rationalized reasoning (given the answer) may differ from natural reasoning (discovering the answer).
Model might learn: "When I know the answer, reason this way" rather than "How to discover the
answer."

Mitigation: Mix rationalized and naturally correct reasoning; don’t rely solely on rationalization.

2. Compounding Errors:
If early iterations have mistakes, these can persist and amplify.
Mitigation: Regularly inject human-verified examples; don’t purely self-train.

3. Verification Dependency:

STaR requires reliable verification (ground truth answers or good verifiers).
Only works well for tasks with objective correctness (math, code, logic).
Mitigation: For subjective tasks, use Constitutional Al instead of STaR.
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12.4 Expert Iteration

Analogy

Expert Iteration: The Chess Analogy
Imagine training a chess Al:

Naive approach:

* Play random games

* Label wins as "good", losses as "bad"

* Train on these games
Problem: Most moves in the game might be mediocre; only a few key moves determined the outcome.
Expert Iteration approach:

* Step 1 (Policy): Play games with current policy

* Step 2 (Expert): Use tree search to find better moves than what policy chose

* Step 3 (Learn): Train policy to imitate expert’s improved moves

* Repeat: Policy improves — expert improves — policy improves further!

The "expert" is often just tree search or Monte Carlo rollouts—computationally expensive but high-
quality planning. The "policy" is fast but needs to learn from the expert.




Formal Algorithm:

Expert Iteration Loop:
1: Initialize policy 7y
2: for iterationi = 1,2, ... do

3: // Generate data with current policy

D; + Sample trajectories from 7y
// Improve with expert
for each trajectory 7 € D; do

Store 7* as improved version
end for
10:  // Train policy to match expert
11: 6+« 0+ aViogm(r*)
12: end for

0 P®NIxDn

Key: Expert is slow but accurate, policy learns to

be fast AND accurate by imitating expert.

Expert Iteration for LLM Reasoning:

Setup:

* Policy: Your language model (the learner)

7* < Expert(r) // tree search or MCTS

CHAPTER 12. SELF-PLAY AND ITERATIVE METHODS

Plain English:

The Three Roles:
1. Policy (Student): Fast, cheap, but needs
guidance
2. Expert (Teacher): Slow, expensive, but
high-quality
3. Environment: Provides feedback/rewards
The Process:
1. Student attempts task (generates response)
2. Teacher analyzes: "Here’s how you should
have done it" (expert search)
3. Student learns from teacher’s advice
4. Repeat until student becomes as good as
teacher!
For LLMs:

* Policy: Fast generation

* Expert: Beam search + reward model scor-

ing

* Learn: Train policy on expert’s choices

* Expert: Beam search (width 10-20) with reward model scoring

» Task: Math problem solving

Algorithm (Per Iteration):

1. Generate Solutions with Current Policy

e Sample n = 1000 problems from dataset

* For each problem p: solution; + policy.generate(p)

2. Improve with Expert (Beam Search)

* For each problem p:
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(a) Generate top-k candidates using beam search (k = 20)

+ candidates = {policy.beam_search(p, k = 20)}
(b) Score all candidates with reward model

+ scores; = reward_model(p, candidate;) fori =1,...,k
(c) Select best solution

« expert_solution = candidates[arg max(scores)]

3. Train Policy to Imitate Expert

* Update policy: 6 + 0 + aVyL(problems, expert_solutions)

* Evaluate: Measure accuracy on validation set

Typical Results (Math Problem Solving):
e Iteration O (baseline): 45% accuracy
e Iteration 1: 58% accuracy (+13%)
e Iteration 2: 67% accuracy (+9%)
e Iteration 3: 72% accuracy (+5%)

e Iteration 4: 75% accuracy (+3%, diminishing returns)



Chapter 13

Multi-Objective Reinforcement Learning

13.1 The Single vs Multi-Objective Challenge

In Plain English

Everything we’ve discussed so far assumes a single reward signal: "Is this response good?"
But real-world Al assistants must balance multiple, sometimes conflicting objectives:

* Be helpful (answer the question well)

* Be harmless (don’t cause harm or give dangerous advice)
* Be honest (don’t make things up)

¢ Be concise (don’t waste user’s time)

* Be engaging (make interaction pleasant)

These can conflict!
Example conflicts:

* Detailed answer (helpful) vs brief answer (concise)
* Entertaining response (engaging) vs accurate information (honest)
* Comprehensive coverage (helpful) vs avoiding edge cases that might be harmful (harmless)

How do we handle this?

13.2 Anthropic’s HHH Framework

Key Point

HHH: Helpful, Harmless, Honest
Anthropic’s framework for multi-objective alignment:

1. Helpful
* Answers user’s question effectively

¢ Provides relevant information

104



13.3. REWARD SHAPING FOR MULTIPLE OBJECTIVES

* Follows instructions
2. Harmless
* Avoids generating harmful content
* Refuses dangerous requests appropriately
* Considers potential misuse
3. Honest
* Doesn’t hallucinate or make up information
* Acknowledges uncertainty
* Cites sources when possible

The Challenge:
These three objectives must be balanced, not just maximized independently!
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Formal Approach: Plain English:
Multi-objective reward: Weighted sum approach:
Give each objective a score, multiply by impor-
N .
tance weight, add them up!
Total (@, ) = Y wi - i(2,y) Example scoring:
=1 Response A:

where:

* Helpfulness: 8/10
* r; = reward for objective i

* Harmlessness: 9/10
* w; = weight for objective ¢

* Honesty: 7/10
* >, w; =1 (normalized)

Total score:

Example (HHH): —03x8405xX9+02x7

=24+4+45+14
Ttotal =WH * Thelpful (T, Y) =83
+ WHarm * Tharmless (:L’, y)

Response B:
+ WHon - Thonest(xv y)

* Helpfulness: 10/10

Typical weights: e Harmlessness: 3/10

* Wyarm = 0.5 (safety first!) « Honesty: 9/10

* wy = 0.3 (then helpfulness) Total score:

* WHon = 0.2 (then honesty) —03x10405x3+0.2x09

Weights reflect priority ordering. =30+15+18
=6.3

Response A wins! Even though B is more helpful,
the low harmlessness score drags it down.

Weight Selection is Critical!

Problem 1: Hard Constraints vs Soft Preferences
Some objectives are hard constraints (must always satisfy), others are soft preferences (nice to have).
Example:

e Harmlessness: Hard constraint (can NEVER be too harmful)

* Conciseness: Soft preference (okay to be verbose sometimes)

Solution: Use very high weight for hard constraints (wgg-m = 0.7), or use separate constraint:
Maximize rheipful SUbject to rharmiess > threshold

Problem 2: Reward Scale Differences
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If Theipfu € [0, 100] but rponese € [0, 1], weights must account for scale!
Solution: Normalize each reward to [0, 1] before weighting.

The Pareto Optimal Concept:

A solution is Pareto optimal if you can’t improve one objective without hurting another.
Example:

Imagine three responses to "Explain quantum computing":

Response Helpful Concise Pareto Optimal?

A 5/10 8/10 (B is better on both)
B 7/10 7/10

C 9/10 4/10 (very detailed)

D 6/10 9/10 (very brief)

B, C, and D are all Pareto optimal—they represent different trade-offs. A is not (B dominates it).

The Pareto frontier is the set of all Pareto optimal solutions. It shows the trade-off curve: as you
increase helpfulness, conciseness must decrease (and vice versa).

Using Pareto Frontiers in Practice:

Step 1: Train Multiple Models
Train models with different weight settings:

* Model A: wyg = 0.8, we = 0.2 (prioritize helpfulness)
* Model B: wy = 0.5, we = 0.5 (balanced)
* Model C: wy = 0.2, we = 0.8 (prioritize conciseness)

Step 2: Evaluate on Both Objectives

Plot each model’s performance in 2D space (helpfulness vs conciseness).
Step 3: Identify Pareto Frontier

The models that aren’t dominated by others form the frontier.

Step 4: Choose Based on Application

* Customer support chatbot? Pick model closer to "concise" end (users want quick answers)
* Educational tutor? Pick model closer to "helpful" end (detailed explanations valued)

¢ General assistant? Pick balanced model from middle of frontier

Advantage: You can deploy different models for different use cases without retraining!
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Formal Definition:
Instead of weighted sum:

max T'otal = § O
[

Use constrained optimization:

maxX T"primary
subject to:
T'safety > Tsafety
Thonesty = Thonesty
where 7; are thresholds.

Lagrangian formulation:

L= T'primary + A1 (Tsafety - Tsafety)
+ A2 (rhonesty - 7'honesty)

A; are Lagrange multipliers (automatically

learned).

Constraint-Based Example:

CHAPTER 13. MULTI-OBJECTIVE REINFORCEMENT LEARNING

Plain English:

Constraint-based thinking:

"Maximize helpfulness, BUT ensure safety is
above threshold"

Benefits over weighted sum:

* Guarantees: Safety threshold is always met
(hard constraint)

* Clarity: Easy to specify requirements
("must be at least 7/10 safe™)

* Priority: Clear which objective is primary
Example:

* Primary objective: Helpfulness (maximize)

* Constraint 1: Safety 8/10

* Constraint 2: Honesty 7/10

Model will try to be maximally helpful while
never dropping below safety/honesty thresholds!

Task: Respond to "How do I improve my credit score?"
Candidate Responses:

Response A: Detailed Financial Advice
* Helpfulness: 9/10 (very comprehensive)
 Safety: 9/10 (all advice is sound)
* Honesty: 8/10 (accurate information)
Check constraints:
e Safety 8/10? (9/10 passes)
* Honesty 7/10? (8/10 passes)
Verdict: Acceptable! Helpfulness = 9/10
Response B: Get-Rich-Quick Scheme
* Helpfulness: 10/10 (addresses question directly)
» Safety: 3/10 (risky advice!)

* Honesty: 4/10 (misleading claims)
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Check constraints:
» Safety 8/10? (3/10 fails!)
* Honesty 7/10? (4/10 fails!)
Verdict: REJECTED despite high helpfulness! Constraints not satisfied
Response C: Generic Advice
* Helpfulness: 6/10 (somewhat useful)
» Safety: 10/10 (completely safe)
* Honesty: 10/10 (all true)
Check constraints:
e Safety 8/10? (10/10 passes)
* Honesty 7/10? (10/10 passes)
Verdict: Acceptable but less helpful than A. Helpfulness = 6/10

Winner: Response A! Highest helpfulness among responses that satisfy constraints.

Understanding Trade-offs Through Plots: When working with multiple objectives, always visualize
the trade-offs!

2D Trade-off Plot Example: Helpfulness vs Safety
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Safety —

AN

10

Dominated (not optimal)

Safe & Helul Acceptable region

Safety threshold

T T T T — Helpfulness —

Key insights from this plot:

1. Blue curve: Pareto frontier—these are the best possible trade-offs
2. Orange point: Dominated solution (strictly worse than blue curve)
3. Red dashed line: Safety threshold—must be above this

4. Green region: Acceptable solutions (satisfy constraint)

Design choices:
* Conservative app (banking): Pick leftmost point in green region (maximize safety)
* General assistant: Pick point around (5,7)—balanced

* Power user tool: Pick rightmost point in green region (maximize helpfulness while meeting
minimum safety)
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Rejection Sampling & Decoding Strategies

14.1 Beyond Greedy Decoding

In Plain English

So far, we’ve mostly assumed the model generates one response and we evaluate it. But there are
many ways to decode (generate text) from a language model!
Common decoding strategies:

* Greedy: Always pick highest probability token

* Sampling: Randomly sample from probability distribution

* Temperature: Control randomness (high temp = more random)

* Top-k: Only sample from top k highest probability tokens

* Top-p (nucleus): Sample from smallest set of tokens with cumulative probability > p

When combined with RL and reward models, we can do even more interesting things!

14.2 Rejection Sampling with Reward Models

The Idea:

Instead of generating one response, generate N responses and only keep those that score above a
reward threshold!

Algorithm:

1. Set reward threshold 7 (e.g., 7/10)

2. Generate response y

3. Score with reward model: r = R(x,y)

4. Ifr > 7: keepy

5. Else: reject and try again (up to N attempts)

Benefit:
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Users only see high-quality responses! Low-quality generations are filtered out.

Cost:

May need multiple generation attempts per query (expensive).

Formal Analysis:
Let:

® Paccept = P(r > 7) = probability single sam-
ple passes

* Nmax = maximum attempts before giving
up

Expected number of attempts:
If Paccept iS constant:

E[attempts] =

Paccept

Example:
* If 40% of generations pass threshold
1

* Expected attempts = 57 = 2.5

Probability of success within N attempts:
P(success) = 1 — (1 — paccept)™
Example with paccepe = 0.4:
¢ N = 1: 40% success rate
¢ N = 3: 78% success rate

* N = 5: 92% success rate

Rejection Sampling Example:

Plain English:

How many tries will it take?
If your model generates good responses 40% of
the time:

* On average, you need 2.5 attempts

* With 3 attempts, you succeed 78% of
queries

e With 5 attempts, you succeed 92% of
queries

Trade-off:

e Strict threshold: Higher quality, but more
rejections (expensive)

* Lenient threshold: Faster, but may accept
mediocre responses

Optimal strategy:
Set threshold based on cost-quality budget:

* Free API, users don’t mind wait — strict
threshold

e Paid API, users want speed — lenient
threshold

Prompt: "Write a professional email requesting a meeting" Reward Threshold: 7 = 7.0

Attempt 1:

1. Generated Response:

* "hey can we meet sometime? let me know"

2. Reward Score: r = 3.2/10
e Issue: Too casual and unprofessional
3. Decision: REJECT

* ry =32<7="70— Try again



14.3. SELF-CONSISTENCY DECODING

Attempt 2:

1. Generated Response:

* "I would like to schedule a meeting with you to discuss..."

2. Reward Score: 7, = 8.5/10
* Quality: Professional and clear
3. Decision: ACCEPT

* ro =85> 7 =7.0— Return to user

Result:
* User receives high-quality response only

* Low-quality Attempt 1 is never shown

Trade-off Analysis:
* Cost: 2 generation calls (vs. 1 without rejection sampling)

* Benefit: Significantly higher output quality (8.5 vs. 3.2)

The Self-Consistency Idea:

For reasoning tasks, generate multiple solutions and pick the most common answer!

Why this works:

* Correct reasoning paths — correct answer

* Incorrect reasoning paths — various wrong answers (spread out)

* By majority vote, correct answer wins!
Algorithm:
1. Generate N different solutions (using sampling, not greedy)
2. Extract final answer from each solution
3. Count which answer appears most frequently
4

. Return the majority answer

This is particularly effective for math, logic, and coding problems where there’s a definite correct

answer.
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Breaking It Down Step-by-Step

Self-Consistency Example:

Problem: "If apples cost $2 each and oranges cost $3 each, and you buy 4 apples and 3 oranges, what’s
the total?"
Correct Answer: $17

Generate Multiple Independent Solutions:

Solution 1:
* Apples: 4 x $2 = $8
* QOranges: 3 x $3 = $9
* Total: $8 + $9 = $17

* Final Answer: $17  (correct reasoning)

Solution 2:
* Cost per fruit: $2 + $3 = $5
» Total fruits: 4 +3 =17
* Total: 7 x $5 = $35

* Final Answer: $35 (flawed logic - can’t average prices this way)

Solution 3:
* Apples: 4 x $2 = $8
e Oranges: 3 x $3 = $9
* Total: $17

* Final Answer: $17 (correct reasoning)

Solution 4:
» Total items: 4+3 =7
* Average price: ($2 + $3)/2 = $2.50
* Total: 7 x $2.50 = $17.50

* Final Answer: $17.50 (incorrect - weighted average needed)

Solution 5:
* Apples: 4 x $2 = $8
* Oranges: 3 x $3 = $9
* Sum: $8 + $9 = $17

* Final Answer: $17  (correct reasoning)

Majority Vote Aggregation:
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Answer Vote Count
$17 3 (Solutions 1, 3, 5)
$35 1 (Solution 2)

$17.50 1 (Solution 4)

Final Decision:
* Winner: $17 (majority: 3 out of 5 solutions)
e Return to User: $17  (correct!)
Why This Worked:
The 3 correct reasoning paths independently arrived at $17, while the 2 flawed approaches produced

different incorrect answers ($35 and $17.50). The majority vote successfully filtered out errors because
incorrect solutions rarely converge on the same wrong answer.

When to Use Self-Consistency:
Works well for:

* Math problems (definite numerical answers)

* Multiple-choice questions

* Logic puzzles

* Code generation (run tests, majority wins)

* Tasks where answer can be extracted and compared
Doesn’t work for:

* Creative writing (no "correct" answer)

* Open-ended questions

* Subjective tasks

* When answers aren’t directly comparable
Optimal number of samples:

* N = 3: Minimum for meaningful voting

e N =5 —10: Good balance of cost/quality

* N = 20+: Diminishing returns, very expensive

Cost: N x normal inference cost
Benefit: Typically 10-30% accuracy improvement on reasoning tasks!
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14.4 Temperature Scaling for Exploration

Math: Formal & Intuitive Side-by-Side

Formal Definition: Plain English:
Temperature-scaled probabilities: Temperature controls "randomness" of genera-
tion:
P(token;) = exp(logzti./ T) Low temperature (7' = 0.1):
> exp(logit; /T) o

) * Very deterministic
where T is temperature.
Effects: * Always picks most likely token

* Safe, boring, repetitive
* T = 1: Normal probabilities

Medium temperature (7' = 1.0):
* T — 0: Becomes greedy (argmax)

e Balanced
¢ T — oo: Uniform distribution (random)

e Some variety

Common values: + Usually coherent

* T'=0.7: Slightly focused High temperature (7 = 2.0):

* T = 1.0: Standard * Very random

* T = 1.5: More exploratory  Creative but often incoherent
* Explores unusual paths

When to adjust:

* Factual questions — Low temp
* Creative writing — High temp

* Self-consistency — Medium temp (want di-
versity)

. v

Breaking It Down Step-by-Step

Temperature Example:
Context: "The capital of France is"
Model’s internal scores (logits):

Token Logit

"Paris" 8.0
"London" 2.0
"Rome" 1.5
"Berlin" 1.0

With T = 0.5 (Low temperature, focused):

P(Paris) = eXp(8§':0/ 05) _ ex"gﬁ) ~ 0.9999

Almost always picks "Paris"! Very confident.




14.5. COMBINING STRATEGIES 117

With 7" = 1.0 (Normal):

exp(8.0)
2

Still picks "Paris" nearly always, but slightly less certain.

P(Paris) = ~ 0.998

With 7' = 2.0 (High temperature, exploratory):

P(Paris) = exp(8£:)/2.0) = eng'O) ~ 0.96

Now there’s a 4% chance of picking something else! More exploratory.

With 7' = 5.0 (Very high, very random):

exp(8.0/5.0)  exp(1.6)
2 D>

Now 30% chance of picking wrong answer! Too random for factual questions.

P(Paris) = ~ 0.70

Best Practices: Combining Multiple Strategies
Real production systems often combine multiple decoding strategies:

Recipe 1: High-Quality Reasoning
1. Use temperature 7' = 0.7 (slight exploration)
2. Generate N = 10 solutions (self-consistency)
3. Score each with PRM (process reward model)
4. Keep top-3 by PRM score
5. Take majority vote among top-3
6. If no majority, return highest-scoring solution

Cost: 10X normal inference
Benefit: 25-40% accuracy improvement on hard reasoning

Recipe 2: Fast Production System
1. Use temperature 7' = 0.8
2. Generate N = 3 candidates
3. Score with lightweight reward model
4. Return highest-scoring candidate

Cost: 3x normal inference
Benefit: 10-15% quality improvement, still fast

Recipe 3: Creative Writing
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1. Use high temperature 7' = 1.5 (more creativity)
2. Generate N = 5 drafts
3. Use style/quality reward model

4. Present top-2 to user for selection

Cost: 5% normal inference
Benefit: Gives user options, all high-quality
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RL for Specific Domains

15.1 Domain-Specific Rewards: The Key to Specialization

In Plain English

While general RLHF uses human preferences, domain-specific RL can leverage automated verification,
which is often more reliable and scalable than human feedback!
The pattern:

1. Identify domain with objective correctness metric
2. Use automated verifier as reward signal
3. Apply RL to optimize for verified correctness

4. Result: Superhuman performance in narrow domain

This approach has been extraordinarily successful for:
* Code generation (execution-based rewards)
* Mathematics (formal proof verification)
¢ Tool use (API success/failure)
e Multi-turn dialogue (conversation quality metrics)

Let’s explore each!

15.2 Code: Execution Feedback as Reward

Key Point

Why Code Generation is Perfect for RL:

Unlike creative writing or conversation, code has an objective measure of correctness: does it run? Does
it pass tests?

This gives us a perfect reward signal:

* Pass all tests — High reward (+10)

¢ Pass some tests — Partial reward (+1 to +5)
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e Syntax error — Low reward (-2)
* Runtime error — Negative reward (-5)

* Pass no tests — Very negative reward (-10)

No human labeling needed! The Python interpreter tells us if code works.

Formal Reward Function: Plain English Interpretation:
For code generation task with test suite 7 =  Evaluation Process:
{tla s 7tn}:

1. Model generates code solution

n 2. Execute code with all test inputs

T T,y) = W [test; passes]+ » b;-W[bonus, achieved
code(4) ; : P } ; i ! 3. ]Count number of passing tests

where bonus terms b, include: 4. Check for bonus conditions:
y :

* byyie = 0.5 if passes linter * Clean code style (linter)

. . ¢ Good documentation
* bgoc = 0.3 if has docstring o _
¢ Efficient execution

* Defficiency = 0.2 if under time limit
efficiency 5. Sum all points for total reward

Concrete formula:
Concrete Example:

r= ZH‘[teSti passes]

] Test Cases:
+ 0.5 - ¥[no lint errors] * f(“hello”) = “olleh”  Pass
+ 0.3 - W¥[has docstring] e f(*)=“ Pass

+ 0.2 - ¥[efficient execution]
° f(“a”) — “a” PaSS

Generated Solution:
* Function with docstring
* Uses Python slicing: s[::-1]
* Passes linter checks
* O(n) time complexity
Reward Calculation:

r = 3 (tests passed)
+ 0.5 (clean linter)
+ 0.3 (has docstring)
+ 0.2 (efficient)
=4.0

Problem: "Write function to reverse a string"
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Practical RL Training for Code Generation:
Training Algorithm:
1. For each training iteration:
e Sample n = 1000 programming problems from dataset
2. For each problem p:

(a) Generate Solutions:
* Generate group of k£ = 4 code solutions
* S ={s1, 89,583,854} ~ model(p)
(b) Evaluate and Score Each Solution:
* TFor each solution s; € S:
— Execute code with test cases from p
- Base reward: 7paee = %ff::f x 10
— Add quality bonuses:
* 40.5 if no linter errors
* +0.3 if has docstring
- If syntax/runtime error: r; = —5
— Otherwise: r; = rpa5 + bonuses
* Collect all rewards: R = {ry,ro,73,74}
(c) Calculate Advantages (GRPO-style):
* Compute baseline: b=+ % 7
* Compute advantages: A; = r; — b for each solution
(d) Update Policy:
¢ For each solution s; with 4; > 0:
— Update model: 6 < 6 + aVylog my(si|p) - A;
* (Only train on solutions better than group average)

3. Evaluation:

* Test model on held-out problems

* Report pass@1 accuracy (success rate with single attempt)

Typical Training Results:

Iteration pass@1l pass@10
0 (Base model) 35% 58%
1 42% 65%
2 51% 73%
3 59% 79%
5 68% 85%
10 75% 90%

After 10 iterations of RL training, the model more than doubles its success rate (35% — 75%)!
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Two Types of Math Verification:

1. Numerical Verification (Easier)
For arithmetic and numerical problems:

* Model generates numerical answer
* Compare to ground truth
* Binary reward: correct = +1, incorrect = O

2. Formal Proof Verification (Harder)
For proofs and formal mathematics:

* Model generates proof in formal language (Lean, Coq, Isabelle)
* Proof checker verifies logical validity
* Reward based on proof correctness

The second type is particularly exciting because it enables models to do real mathematics, not just
arithmetic!

AlphaProof and the IMO 2024:

In July 2024, Google DeepMind’s AlphaProof (using RL with Lean theorem prover) solved 4 out of 6
problems from the International Mathematical Olympiad, earning a silver medal performance!

How it worked:

1. Problems translated to Lean (formal math language)
. Model generates candidate proofs
. Lean verifier checks if proof is valid

2

3

4. Valid proofs — High reward
5. Invalid proofs — Zero reward
6

. RL optimizes policy to generate valid proofs

The breakthrough:

This was the first time Al reached medal-level performance on IMO, one of the hardest math competi-
tions in the world!

The key was using formal verification as the reward signal—completely objective, no human judgment
needed.
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Formal Verification Reward:

For theorem ¢ and proof 7:

+10 if Verify(#, 7) = True

r 0,7)= .
proof(0,7) {0 otherwise

Partial Credit Variant:
For proof with n steps:

Tproof (0, ™) = ZH‘[stepi is valid]

i=1

This rewards partially correct proofs, providing

richer learning signal during training.

Optional Bonus Terms:
® +belegance fOI concise proofs
* +bgenerality for general theorems

* +bnovelry for novel techniques

Tool-Using Al:
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Plain English Interpretation:

Verification Process:
1. State theorem in formal language

2. Model generates proof (sequence of logical
steps)

3. Automated proof checker validates each
step:

* Does this follow from previous steps?

e Are all inference rules correctly ap-
plied?

* Does the conclusion match the goal?

4. If all steps valid — Proof accepted — High
reward

5. If any step invalid — Proof rejected — No

reward

Concrete Example:
Theorem: For all natural numbers n: n+0=n
Generated Proof (in Lean):

* Claim: n + 0 = n for arbitrary n € N

* Justification: By reflexivity (definition of
addition)

¢ Conclusion: Theorem holds

Lean Proof Checker: Valid proof
Reward Calculation:

e Verification: Pass — r = 410

Modern Al systems don’t just generate text—they use tools:

e Call APIs (weather, search, calculator)
* Execute code (Python interpreter)

* Query databases (SQL)

* Control applications (browser, email)

The RL opportunity:



15.4. TOOL USE: API SUCCESS AS REWARD 125

Each tool interaction gives immediate feedback:
* API call succeeds — Good reward
* API call fails — Bad reward
* Result solves user problem — Bonus reward

This enables models to learn effective tool use through RL!

Breaking It Down Step-by-Step

Tool Use RL Example:
User Query: "What'’s the weather like in Tokyo right now?"

Required Task Sequence:
1. Recognize need to call weather API
2. Format API call with correct parameters
3. Parse API response

4. Present information clearly to user

Attempt 1 (Novice Model):
1. Action: Call weather API
* Parameters: "Tokyo weather now" (plain text string)
2. Result: ERROR - Invalid parameter format

3. Reward: ry = —5  (API call failed)

Attempt 2 (Learning):
1. Action: Call weather API
* Parameters: {city: "Tokyo", country: "Japan"}
2. Result: Success

* Response: {temp: 22, condition: "Sunny", humidity: 65}
e Reward: +5 (API call succeeded)

3. Generated Response:

* "The temperature in Tokyo is 22°C with sunny skies."
* Reward: +3  (basic formatting)

4. Total Reward: ro = +8

Attempt 3 (Expert Model):
1. Action: Call weather API

* Parameters: {city: "Tokyo", country: "JP", units: "metric"}
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2. Result: Success with comprehensive data

* Response: {temp: 22, condition: "Sunny", humidity: 65, wind_speed: 3.5}
e Reward: +5 (API call succeeded)

3. Generated Response:

* "The current weather in Tokyo is 22°C and sunny, with 65% humidity and light winds at 3.5
m/s."

* Reward: +5 (comprehensive and well-formatted)
4. Total Reward: r3 = +10
Learning Outcomes:
Through RL training, the model learns to:
* Format API parameters correctly (structured data vs. plain text)
* Select appropriate tools for different queries
* Present results clearly and comprehensively

* Handle API errors gracefully

Complex Tool Use: Chaining Multiple Tools
Real tasks often require multiple tools in sequence:

Example: "Book me a flight to Paris next month"
Required tools:

1. Calendar API (check availability next month)
2. Flight search API (find flights)
3. Booking API (reserve flight)

4. Email API (send confirmation)

RL reward structure:

Milestone Reward
Check calendar successfully +1
Identify available dates +2
Search flights for right dates +2
Find flights in budget +2
Successfully book +5
Send confirmation +1
Complete task correctly +7
Maximum total +20

Penalties:
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* Wrong API parameters: -2
 Skip necessary step: -5
* Book wrong dates: -10

* Exceed budget: -15

Model learns to:
* Plan multi-step actions
* Check preconditions
* Handle dependencies

* Recover from errors

15.5 Multi-Turn Dialogue: Conversation Quality

In Plain English

Most RLHF focuses on single-turn interactions: user asks, model responds, done.
But real conversations have multiple turns! How do we apply RL to improve multi-turn dialogue

quality?
The challenge:

* Reward must consider entire conversation, not just one response
* Early responses affect later ones (long-term consequences)

* Credit assignment problem: which response was good/bad?
The solution:

* Assign rewards at conversation level
* Use techniques like TD-learning to propagate credit
* Consider factors like:

— Information gathering progress
— Task completion

— User satisfaction signals
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Formal Multi-Turn Reward: Plain English:
For conversation C' = {(uy, 1), ..., (up,r7)}: Conversation reward has two parts:
Terminal reward: 1. Per-turn rewards:
+10 task completed * Quality of each response
Reem(C) = +5  partial progress * Progress toward goal
o 0 no progress

5 task failed ¢ User engagement

Each turn gets a small reward based on local

Per-turn rewards: .
quality.

Tt = Tquality(Tt) + Tprogress(C'1:t) 2. Terminal reward:

Total reward: . . .
otal reward * Did conversation achieve goal?

T
Rtotal(c) = Z 'YT_tTt + Rterm(c)

t=1

* Large reward at end if successful

Example: Tech support conversation
Turn 1: "What'’s the problem?"

Earlier turns get discounted more (fOCUS on re- — Local reward: +1 (good question)

cent quality). Turn 2: "Have you tried restarting?"

— Local reward: +2 (standard diagnostic)
Turn 3: "That fixed it!"

— Terminal reward: +10 (problem solved!)
Total: +13

where ~ is discount factor (typically 0.95-0.99).

Model learns: asking good diagnostic questions
early leads to successful resolution!

Multi-Turn RL Example: Customer Support
Scenario: User needs help with password reset

Conversation 1 (Poor):

Turn Exchange Reward
1 User: "I can’t log in" —
Bot: "Have you tried using Incognito mode?" +1
2 User: "That doesn’t help" —
Bot: "Clear your cookies" +1
3 User: "Still can’t log in!" —
Bot: "Try a different browser" 0
4 User: "This isn’t working. Bye." —
(Task failed) -5
Total reward: -3

Bot never diagnosed the actual problem (forgotten password)!

Conversation 2 (Good):
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Turn Exchange Reward
1 User: "I can’t log in" —
Bot: "Are you getting an error message?" +2
2 User: "It says 'incorrect password™ —
Bot: "Let me help reset your password..." +3
3 User: "Got the reset email, thanks!" —
Bot: "Great! Let me know if you need anything else." +2
(Task completed) +10
Total reward: +17

Bot quickly diagnosed and solved the problem!

What the model learns:

» Diagnostic questions early — higher terminal reward
* Random suggestions without diagnosis — low reward
* Quick resolution — bonus reward

* User satisfaction signals ("thanks!") — positive signal
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Verifier-Guided Generation

16.1 The Verifier Paradigm

Core Insight:
For many tasks, it’s easier to verify if a solution is correct than to generate a correct solution!

Examples:
* Math: Checking if x = 7 satisfies 22 + 3 = 17 is trivial. Solving it requires more thought.
* Code: Running tests is easier than writing correct code.

* Chess: Evaluating a position is easier than finding the best move.

The Strategy:

1. Train a verifier (easy): Judge if solutions are correct
2. Use verifier to guide generator (hard): Produce solutions

3. Generator tries many options, verifier picks best

This is the foundation of many state-of-the-art systems!

16.2 Training Verifiers
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Formal Verifier Training:

Outcome Verifier (ORM):

Input: (z,y) where x = problem, y = complete
solution

Output: V(x,y) € [0,1] (probability solution is
correct)

Training data: {(x;,y;,label;)} where label €

{0,1}

Loss: Binary cross-entropy

131

Plain English:
How to train a verifier:

1. Collect many problems with solutions

2. Label each solution: correct or incorrect
3. Train neural network to predict these labels
4

. Result: Verifier that can judge new solu-
tions!

L = —Elabel-log V(z,y)+(1—label)-log(1-V (z, y))| Two types:

Process Verifier (PRM):

Input: («x,y1.;) where y;., = partial solution (up
to step t)

Output: Vi(z,y1.) € [0,1] (probability step ¢ is
correct)

Same loss, but applied per-step.

The Generate-and-Rank Pipeline:

Outcome verifier:

* Looks at complete solution

* Judges: "Is the final answer right?"
Process verifier:

* Looks at partial solution

* Judges: "Is this step correct?"

* Can evaluate intermediate progress
Process verifiers are usually better but require

more expensive training data (step-by-step la-
bels).

Once you have a trained verifier, use it to improve generation:

1. Generate: Sample N candidate solutions from model (using sampling, not greedy)

2. Score: Run verifier on each candidate
3. Rank: Sort by verifier score

4. Return: Pick highest-scoring candidate(s)

Why this works:

* Generator explores multiple solution paths

* Verifier picks the most promising one

* Even if generator is imperfect, verifier filters mistakes
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* Quality scales with N (more samples — better chance of finding good one)

This is more reliable than single-shot generation!

Breaking It Down Step-by-Step

Verifier-Guided Generation Example:
Problem: "Solve: 3z — 7 = 14"
Correct answer: x = 7

Step 1: Generate 5 candidates

# Solution Final Answer Verifier Score
1 "Add 7: 3z = 21, divide by 3: . = 7" z=7 0.95
2 '"Divide by 3: x —2.33 =4.67,z="T7" B =T 0.72
3 "Add7:3x=21,2=21/3=28" =38 0.31
4 "Subtract7: 3z =7,z ="7/3" x =233 0.18
5 "r=(14+7)/3=21/3="T" r="7 0.88

Step 2: Rank by verifier score
1. Solution 1: 0.95 < Best!
2. Solution 5: 0.88
3. Solution 2: 0.72
4. Solution 3: 0.31
5. Solution 4: 0.18

Step 3: Return top candidate
Return Solution 1 to user!

Analysis:
* 3 out of 5 candidates got correct answer (60%)
* But reasoning quality varied
* Verifier correctly identified Solution 1 as having clearest, most correct reasoning
* Solution 2 also correct but used unusual approach (lower confidence)

* Solutions 3 and 4 had errors, verifier correctly scored them low

Without verifier: Might return any of the 5 (only 60% chance of good response)
With verifier: Return Solution 1 (95% confidence it’s correct)
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Scaling Best-of-N with Verifiers:
We discussed best-of-N sampling earlier, but verifiers make it much more powerful!

Basic best-of-N:
* Generate N candidates
* Check which one has correct final answer (need ground truth)
* Return best
Problem: Requires knowing the correct answer! Only works for benchmarks.
Verifier-guided best-of-N:
* Generate N candidates
* Score each with learned verifier (no ground truth needed!)
* Return highest-scoring candidate
Benefit: Works in production (no ground truth required)!
Performance scaling:

N (samples) Greedy Verifier-guided

1 45% 45%

4 — 63% (+18%)
16 = 74% (+29%)
64 — 82% (+37%)

With good verifier, best-of-64 can give 37% absolute improvement!

Beam Search: Exploring Multiple Paths Simultaneously
Imagine you’re navigating a maze, but you can clone yourself K times at each intersection:

1. Start at entrance
. At first intersection, create K clones, each trying a different path

. After some distance, evaluate each clone’s progress

2
3
4. Keep only the K clones that have made the most progress (based on verifier scores)
5. Discard the rest

6

. Repeat at next intersection
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Eventually, at least one clone finds the exit!

For LLM generation:

"Intersections" = points where model must choose next token
"Clones" = parallel generation paths (beam candidates)
"Progress" = verifier score of partial solution

"Exit" = complete solution

By keeping multiple beams alive and scoring them with a verifier, we can explore the solution space
more thoroughly!

Formal Beam Search Algorithm: Plain English:
1: Initialize: beams = {ystart } Step-by-step beam search:
2: Beam width: K ) . )
3: for step t = 1 t0 Thuax do 1. Start with one partial solution
4. candidates + 0 2. At each step:
5:  for each beam y € beams do
6 Generate K next-token extensions * For each current beam (partial solu-
7 Score each with verifier: V(x,y’) tion)
8 Add to candidates * Generate K possible next tokens
9: end for ) ] )
10:  Sort candidates by verifier score * Score each resulting partial solution
11:  beams « top-K candidates with verifier
12:  if all beams are complete then 3. Keep only the top-K scoring partial solu-
13: break tions
14: end if
15: end for 4. Throw away the rest
16: return highest-scoring complete beam

5. Repeat until all beams finish

6. Return the best complete solution

Key insight:

Regular beam search uses model probability to
score.

Verifier-guided beam search uses verifier score to
evaluate quality!

This lets us prefer high-quality reasoning paths
even if they’re less "probable" according to the
model.
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MCTS: Smarter Search
Beam search explores paths in parallel. MCTS is smarter—it adaptively focuses compute on the most
promising paths!

The Four Phases:

1. Selection: Start at root, traverse tree by picking most promising nodes (based on past success +
exploration bonus)

2. Expansion: When you reach a leaf, generate children (possible next steps)
3. Simulation/Evaluation: Complete the path (either rollout or use verifier to estimate value)
4. Backpropagation: Update value estimates for all nodes on the path
Repeat these four phases until time/compute budget exhausted, then return best path found.
Why use MCTS with verifiers?
* MCTS structure provides systematic exploration
* Verifier provides accurate value estimates (better than random rollouts)

* Together: efficient search + accurate evaluation = powerful combination!

MCTS + Verifier for Math Problems:

Tree Node Structure:
Each node in the search tree contains:

* s: Partial solution (reasoning steps so far)

* N: Visit count (number of times explored)

e V/: Cumulative value (sum of verifier scores)
* v = V/N: Average value estimate

* Children: Set of expanded next-step nodes

Child Selection (UCB1 Formula):

Veni In
UCB(Chlld) _ /child +e A1l [Nparent

child Nehila

where ¢ = 1.41 is the exploration weight balancing exploitation vs. exploration.
MCTS Algorithm (Per Iteration):
1. Selection: Traverse tree from root to promising leaf

* Starting at root node
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* While node is fully expanded and not terminal:
— Select child with highest UCB score
— Move to that child

2. Expansion: Add new child to selected node

e If current node is not terminal:

— Generate next reasoning step: Spexr ~ model(Scyrrent)
— Create new child node with Scpiq = Scurrent + Snext

— Add child to current node’s children

— Move to new child

3. Evaluation: Score the node using verifier

* If solution is complete:
- v = verifier.score(problem, scomplere)  (full verification)
* If solution is partial:

- v = verifier.score_partial(problem, sparja1)  (estimate quality)
4. Backpropagation: Update all ancestor nodes

* For current node and all parents up to root:

— Increment visit count: NV <+ N +1
— Add value: V <V +wv

Final Selection:
After K iterations (typically K = 1000), return child of root with highest average value (exploitation
only, ¢ = 0).

Performance Results:
MCTS + Verifier typically outperforms:

* Greedy decoding by 30-40%
* Beam search by 10-15%
* Best-of-N sampling by 5-10%
Trade-off: 10-50x more expensive due to many tree traversals and verifier calls.

When to Use:
High-stakes problems where solution quality matters significantly more than computation time!

The Self-Improving Loop:
Imagine a system that:

1. Generates solutions to problems

2. Verifies which solutions are correct
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3. Learns from correct solutions (adds them to training data)
4. Improves generator with new data

5. Repeats the cycle

This is the dream of self-improving AI! And verifier-guided generation is a key component:
* Generator produces diverse candidate solutions
* Verifier filters for correct ones (automatic data labeling!)
* RL trains generator to produce solutions verifier likes

* Result: Generator gets better, can solve harder problems, cycle continues

We're seeing early versions of this in systems like:
* AlphaCode (code generation with test-based verification)
* AlphaProof (theorem proving with formal verifiers)
* DeepSeek-R1 (math reasoning with answer verification)

The future of Al might be systems that continuously improve themselves through generate-verify-learn
loops!



Chapter 17

Conclusion: Your RL Journey

17.1 What You’ve Learned

Key Point

The Complete Picture:
1. The Problem
* Predicting next words # being helpful
* Models need to learn human preferences
2. The Solution: RLHF
* Step 1 (SFT): Learn to follow instructions from examples
* Step 2 (Reward Model): Learn what humans prefer via comparisons
* Step 3 (PPO): Optimize policy for high reward (with KL constraint)
3. Simpler Alternatives
* DPO: Skip reward model, optimize preferences directly
* 50% less memory, easier to implement
* Similar performance to PPO
4. New Frontiers
* Test-time compute: Trade inference time for accuracy
* Reasoning emergence: RL discovers chain-of-thought

* Continuous scaling without retraining
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17.2 The Mathematics: Both Rigorous and Accessible

In Plain English

This book showed you that complex mathematics doesn’t have to be intimidating!
What you can now do:
Level 1 readers:

* Understand WHAT these techniques do

* Explain WHY they work to others

* Make informed decisions about which approach to use
Level 2 readers:

* All of Level 1, plus:

* Implement RLHF pipelines

* Tune hyperparameters intelligently

* Debug training issues
Level 3 readers:

* All of Level 1 and 2, plus:

* Understand deep mathematical foundations

* Derive new algorithms

* Contribute to research

The dual-track approach means everyone can learn at their level!

17.3 Your Next Steps

Practical Tip

If you’re a practitioner:
1. Start with DPO (simpler than PPO)
Use existing libraries (HuggingFace TRL)
Focus on data quality over algorithm complexity

Monitor real user feedback, not just benchmarks

o> PR

Iterate quickly with smaller models first
If you’re a researcher:
1. Read the original papers (see references)
2. Implement algorithms from scratch for deep understanding

3. Explore open problems (see Appendix)
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4. Collaborate and share your findings
If you’re a learner:
1. Re-read the mathbreakdown boxes with a calculator
2. Implement simple examples yourself
3. Join online communities (Discord, Reddit)
4. Build something small but complete

5. Share your journey!

The future of Al is being written right now.
And now you have the knowledge to help write it.

Go build something amagzing.
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Thank you for reading! I hope this book made RL for LLMs accessible and exciting.
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